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This paper presents an electromechanical analysis of the nonlinear static response and the superimposed small-
amplitude wave characteristics in an infinite periodic compressible dielectric elastomer (DE) laminate subjected
to electrostatic excitations and prestress in the thickness direction. The enriched Gent material model is employed
to account for the effects of strain stiffening and electrostriction of the DE laminate. The theory of nonlinear elec-
troelasticity and related linearized incremental theory are exploited to derive the governing equations of nonlinear
response and the dispersion relations of incremental shear and longitudinal waves. Numerical results reveal that
the snap-through instability of a Gent DE laminate resulting from geometrical and material nonlinearities can be
used to achieve a sharp transition in the position and width of wave band gaps. Furthermore, the influence of
material properties (including Gent constants, the second strain invariant and electrostrictive parameters) and
that of prestress on the snap-through instability and the electrostatic tunability of band gaps for both shear and
longitudinal waves are discussed in detail. The electrostrictive effect and prestress are beneficial to stabilizing the
periodic DE laminate. Depending on whether the snap-through instability occurs or not, a continuous variation
or a sharp transition in wave band gaps can be realized by varying the electric stimuli. Our numerical findings
are expected to provide a solid guidance for the design and manufacture of soft DE wave devices with tunable

band structures.

1. Introduction

Dielectric elastomers (DEs) are one type of smart soft materials that
can deform and change their physical properties dramatically in re-
sponse to an external electric stimulus. Owing to their fascinating char-
acters, such as large controllable deformation, light weight, high frac-
ture toughness, and high sensitivity, DEs have been widely used in vari-
ous engineering applications ranging from energy harvesters, soft robots
and sensing devices to tunable resonators [6,23,28,35,40,41,53,55,64].
In particular, Lu et al. [40] designed and investigated experimentally a
DE absorber with a back cavity, and achieved broadband frequency ab-
sorptions of noise. The same authors [41] developed a new type of duct
silencer made of DE actuators whose acoustic characteristics can be ac-
tively tuned by voltage. A semicylindrical push-pull acoustic transducer
composed of DE films was proposed by Sugimoto et al. [53] for the su-
pression of harmonic distortion. Yu et al. [64] realized the broadband
sound attenuation in a novel acoustic metamaterial consisting of an ar-
ray of DE resonators, which can be tuned by either electric or mechanical
biasing fields. Recently, a comprehensive electromechanical characteri-
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zation of different DE materials was conducted experimentally by Chen
et al. [6] to promote practical applications of DE actuators and genera-
tors.

It is well-known that large deformations induced by the electric field
will significantly affect the electromechanical properties of DEs, which
may provide an effective approach to manipulating the acoustic/elastic
waves in these soft matters. In recent years, many efforts have been
devoted to studying small-amplitude wave propagation characteristics
in DEs under the application of electric and mechanical biasing fields
following the theory of nonlinear electroelasticity and its associated lin-
earized incremental theory developed by Dorfmann and Ogden [8,10].
For example, Dorfmann and Ogden [10] investigated the propagation of
Rayleigh-type surface waves superimposed on a finitely deformed elec-
troactive (EA) half-space. The longitudinal axisymmetric waves propa-
gating in solid and hollow DE cylinders under combined action of elec-
tric and mechanical loadings were explored by Chen and Dai [5] and
Shmuel and deBotton [48], respectively. Then, Shmuel [46] discussed
the possibility to exploit the applied voltage to manipulate torsional
elastic waves in DE tubes. Adopting proper displacement functions, the
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non-axisymmetric wave motions in an infinite incompressible soft EA
hollow cylinder with uniform biasing fields were studied by Su et al.
[51]. For soft EA tubes under inhomogeneous electromechanical bias-
ing fields, Wu et al. [59] employed the State Space Method to analyze
the guided circumferential wave propagation and pointed out that it is
feasible to design self-sensing EA actuator and conduct ultrasonic non-
destructive detection of soft EA structures via the circumferential waves.
Recently, an experimental apparatus was designed by Ziser and Shmuel
[70] to excite and measure elastic waves in a DE film, and the experi-
mental results demonstrated that the wave velocity of the fundamental
flexural wave could be slowed down under voltage.

Most of the existing works on wave propagation adopt the ideal
dielectric model with constant dielectric permittivity to characterize
the soft EA materials. In fact, the electrostrictive effect describing the
deformation-dependent permittivity has been experimentally observed
[30,58] and plays an important role in the electromechanical analysis
of DEs. Zhao and Suo [66] proposed a thermodynamic electrostrictive
model for DEs and pointed out that the electrostrictive effect may be-
come pronounced at large deformations and should not be neglected.
Utilizing the enriched DE model, Gei et al. [18] discussed the role of
electrostriction in the stability of a homogeneous DE actuator and made
a conclusion that electrostriction has a trend to stabilizing the DE actua-
tor. Liu et al. [38] developed a theoretical material model coupling elec-
trostriction with polarization, and proved that the stability of DE/carbon
nanotube composites can be affected significantly by the electrostric-
tive effect. Based on the Hessian matrix method, Su et al. [52] pre-
sented a theoretical analysis of parameter optimization (including the
strain-stiffening and electrostrictive parameters) to achieve giant defor-
mations of an incompressible DE plate. As regards the investigation on
elastic waves, Galich and Rudykh [13] found that whether accounting
for the electrostrictive effect into the material model or not evidently
influences shear and pressure bulk wave propagation behaviors in com-
pressible DEs subjected to an electrostatic field. Although the existing
experimental results of the electrostrictive effect are still contradictory,
there is no definite conclusion yet. For example, Chen et al. [6] argued
that the dielectric permittivity parameters for three DE materials are
deformation-independent, but they also pointed out that there exist ex-
perimental errors and the measurement of electrostrictive parameters
also depends on the electrode and DE type, DE size and shape, interfa-
cial integrity, edge effects and other factors. Thus, the electrostrictive
effect may appear in different DE materials and it should be of practical
value to study its effect on the nonlinear response and wave propagation
behaviors in DE structures.

Since the concept of phononic crystals (i.e. PCs, which are intrinsi-
cally periodic composites) was first proposed in the 1990s [29], their
unique properties have attracted intensive research interests and pro-
vided new avenues for the manipulation of acoustic/elastic waves. Due
to the Bragg scattering mechanism or the locally resonant mechanism
[39], band gap is the most important feature of PCs, which corresponds
to the frequency range where waves are forbidden to propagate in media
[31,57,65]. Many acoustic devices with desired superior functions have
been designed on the foundation of band gaps [7,15,16,24,37,42,50].
However, once the structures are fabricated with specified geometri-
cal and material parameters, the operating frequencies of most tradi-
tional PCs are generally fixed. Therefore, in order to realize real-time
control of waves, a large number of researches have been carried out to
acquire high-performance PCs with broad tunable band gaps. For ex-
ample, in a two-dimensional PC composed of air and quartz, Huang
and Wu [25] found that the band structure of both bulk modes and
surface modes can be tuned by the temperature variation. Yang et al.
[62] showed experimentally that the band gap of a magneto-mechanical
PC is highly sensitive to a small magnetic field due to the magnetic
torque effect on the coupling between Bragg scattering and local reso-
nant modes. Lian et al. [36] proposed a piezoelectric PC connected with
resonant shunting circuits and indicated that both central frequency and
bandwidth of the locally resonant band gaps decrease with the increase
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of resistance and inductance. A soft membrane-type acoustic metamate-
rial was designed by Zhou et al. [68], and its band gap strongly depends
on the applied pre-stretch when choosing Gent material model. By em-
ploying periodic electrical boundary conditions, an innovative design to
generate actively tunable topologically protected interface mode in a ho-
mogeneous piezoelectric rod system was proposed by Zhou et al. [67].
Matar et al. [44] and Wang et al. [57] provided literature overviews
on tunable PCs by diverse tuning methods and demonstrated a brilliant
prospect in optional manipulation of waves via tunable PCs. More re-
cently, the research status, design principles, future development and
challenges were reviewed by Bertoldi et al. [2] for soft or flexible me-
chanical PCs and metamaterials (MMs).

Among the researches on tunable PCs, some studies have been con-
ducted to use large deformation and electric stimuli to tune wave prop-
agation behaviors in PCs composed of soft EA materials. Yang and Chen
[63] carried out the first piece of work to explore the electro-mechanical
coupling effects in soft DE PCs, and achieved the tunable band gaps in
a two-dimensional PCs consisting of hollow DE cylinders immersed in
an air background. A pre-stretched DE membrane-type waveguide was
proposed by Gei et al. [19] for the purpose of tuning bandgap position at
will. Shmuel and deBotton [47] investigated the incremental thickness-
shear waves propagating in a DE laminate composed of two alternat-
ing neo-Hookean (N-H) phases, and analyzed the tunability of band
gaps under electric biasing field. Then, Getz and Shmuel [21] found
that the band gaps of DE composite plates can be adjusted by the ap-
plied voltage and suggested its application to actively tunable waveg-
uides and isolators. Galich and Rudykh [14] re-checked the results in
Shmuel and deBotton [47] and a different conclusion was obtained that
the band gaps of shear wave propagating in periodic Gent DE laminates
may be widened and lifted up via the applied electric stimuli, while
the band gaps keep unchanged for the N-H material model. Recently,
Zhu et al. [69] obtained the dispersion relation and transmission behav-
iors of shear horizontal wave propagating in the periodic DE laminate
and demonstrated the tunable effect of external electric stimuli on shear
wave band gaps. In addition, by adopting a genetic algorithm approach,
Bortot et al. [3] utilized the topological optimization to maximize the
band-gap width of anti-plane shear waves propagating in DE fiber com-
posites.

Nevertheless, all of the above-mentioned works take no account of
the instabilities that commonly occur in soft EA structures. It is worth
noting that different kinds of instabilities can be used to enhance the
electrostatic manipulability for acoustic/elastic waves in soft EA PCs,
which is an interesting topic and has received some attention. Bortot
and Shmuel [4] made use of the plane wave expansion method to ex-
plore the electrostatic tunability of an array of DE tubes surrounded by
air, and showed that the snap-through instability can be used to achieve
an abrupt transition in band gaps. Recently, Wu et al. [61] investigated
the longitudinal waves propagating in a one-dimensional PC cylinders
tuned by axial force and voltage, and obtained a sudden and enormous
change in the band gaps through the snap-through transition emerging
only in the Gent DE materials. Using the finite-element-based numerical
simulations, Jandron and Henann [26] presented the possibility to har-
ness electromechanical pull-in instability and macroscopic instability to
achieve enhanced electrical tunability of waves in soft DE composites.
The snap-through instability induced by both electric voltage and inter-
nal pressure was also exploited by Mao et al. [43] to realize the resonant
frequency jump of soft EA balloons.

The primary objective of the present investigation is to shed light
on the effects of material properties (including strain stiffening and
electrostriction) and external loadings (including electric stimuli and
prestress) on the nonlinear response and the superimposed shear and
longitudinal waves in a periodic two-phase compressible DE laminate.
The research motivations are the following four important aspects: (1)
The material compressibility needs to be considered when analyzing
the longitudinal wave propagation; (2) How the snap-through instabil-
ity due to the strain-stiffening effect influences the static and dynamic
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behaviors of periodic DE laminate; (3) How the second strain invariant
affects the nonlinear static response and wave propagation in the DE
laminate; (4) To what extent of the electric stimuli, the electrostrictive
effect will become significant.

This paper is outlined as follows. A brief summary of basic formu-
lations of the nonlinear electroelasticity theory and related linearized
incremental theory is described in Section 2. The nonlinear deformation
of a periodic compressible DE laminate is considered in Section 3 for the
enriched Gent material model. Combining the transfer matrix method
with the Bloch-Floquet theorem, Section 4 derives the dispersion rela-
tions for the incremental shear and longitudinal waves. Then numeri-
cal discussions in Section 5 elucidate the effects of strain stiffening, the
second strain invariant, electrostriction and prestress on the nonlinear
deformation and the band structures of periodic DE laminate subjected
to the electric stimuli. Some conclusions are finally made in Section 6.

2. Preliminary formulations

This section briefly reviews the general theory of nonlinear elec-
troelasticity and the associated linearized incremental theory. Interested
readers are referred to the papers of Dorfmann and Ogden [8-10] and
the monograph by Dorfmann and Ogden [11] for more detailed discus-
sions about the basic ideas.

2.1. Nonlinear electroelasticity theory

Consider a deformable electroelastic body that occupies a region 53,
in the Euclidean space with the boundary 0B, and the outward unit
normal N in the undeformed ‘reference configuration’ at time t;. An ar-
bitrary material point in this state is labelled by its position vector X.
The body moves to a region /3, with the boundary 053, and the outward
unit normal n at time ¢, if subjected to a motion x = y(X, 1), where y isa
vector field function with a sufficiently regular property and x is the new
location of the material point associated with X in the ‘current configu-
ration’. The deformation gradient tensor is defined as F = Grad y, where
Grad is the gradient operator with respect to B,, and F;, = dx;/dX, in
Cartesian components. Note that Greek and Roman indices are associ-
ated with B, and B,, respectively. We will adopt the summation con-
vention for repeated indices. The relations between the infinitesimal
line element dX, surface element dA and volume element dV in B, and
those in B, are connected by dx = FdX, the well-known Nanson’s for-
mula nda = JF-TNdA and dv = JdV, respectively. Here the superscript
T signifies the transpose of a second-order tensor if not otherwise stated
and J = det F > 0 denotes the local measure of volume change. The left
and right Cauchy-Green tensors are defined as b = FFT and C =F"F that
will be employed as the deformation measures.

Here, under the assumption of the quasi-electrostatic approximation,
Gauss’s law and Faraday’s law in the absence of free charges and currents
can be read as

divD =0, curlE=0, Y]

where ‘curl’ and ‘div’ denote the curl and divergence operators in the
current configuration B,; D and E are the electric displacement and elec-
tric field vectors in B3, respectively. In addition, in the absence of me-
chanical body forces, the equations of motion can be written as

divt = px,, 2)

where 7 is the so-called ‘total Cauchy stress tensor’ including the con-
tribution of electric body forces, p = p,J~! is the mass density in the
deformed configuration 5B, (py is the initial material mass density in
B,), and the subscript t following a comma represents the material time
derivative. The conservation of angular momentum ensures the symme-
try of .

In this paper, we will consider a periodic DE laminate that is coated
with flexible electrodes on the leftmost and rightmost surfaces with
equal and opposite surface free charges, as shown in Fig. 1. Then, there
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is no electric field in the surrounding vacuum by Gauss’s theorem. As
to be shown in Subsec. 3, the electric displacement field in the DE lam-
inate is uniformly distributed in the thickness direction. Therefore, the
electric boundary conditions on 453, yield

Exn=0, D-n=-o, 3)

where o; is the free surface charge density on dB,. Furthermore, the
mechanical boundary condition can be expressed in Eulerian form as

n = t°, “4)

where t? is the prescribed mechanical traction vector per unit area of
0B,. For the corresponding Lagrangian counterparts of Eqs. (1)-(4), we
refer to the works of Dorfmann and Ogden [8,9].

According to the theory of nonlinear electroelasticity [9], the non-
linear constitutive relations for a compressible electroelastic material
in terms of the total energy density function Q(F, D) per unit reference
volume are given by

0Q 0Q
T= F S—E, (5)

where T = JF~!z, D = JF~!D and £ = F'E are the ‘total nominal stress
tensor’, Lagrangian electric displacement and electric field vectors, re-
spectively. Thus, the nonlinear constitutive relations expressed by r and
E can be derived as 7 = J~'FaQ/dF and E = F~T9Q/dD. For a compress-
ible isotropic electroelastic material, the form of Q can be written as
Q=Q,,1,,15,1,, I5, I) depending on the following six invariants:

I, =tC, I,=[trC)* —tr(C?)]/2, I3=det C=J?,
I,=D-D, Is;=D-(CD), Ig=D-(CD), (©6)

which are substituted into Eq. (5) to yield the explicit forms of total
stress tensor 7 and electric field vector E as [10]

JT =2Q,b+2Q,(I}b-b*) + 21,1+ 20D ®D
+21;Q(D ® bD + bD ® D),
E = 2J(Q,;b7'D + Q;D + Q,bD), @)

where Q,, = 0Q/dI,,(m =1 - 6). We note that the last two terms of the
expression for Jr in Dorfmann and Ogden [10] contain typographical
errors, which have been corrected in Eq. (7).

2.2. The linearized incremental theory

Based on the theoretical framework developed by Dorfmann and Og-
den [10], we reproduce the governing equations for time-dependent in-
finitesimal incremental changes in both motion x(X, t) and electric dis-
placement vector superimposed on a deformed soft electroelastic body
with a static finite deformation x = y(X) and an electric displacement
vector D(X). A linearized incremental theory can be established by em-
ploying the perturbation method due to the infinitesimality of incremen-
tal mechanical and electrical fields. Here and thereafter a superposed
dot signifies the increment in the quantities concerned.

In updated Lagrangian form, the incremental governing equations
can be written as

divDy =0, curléy=0, diviy=pu,, ®

where D, £, and T, are the ‘push forward’ versions of corresponding
Lagrangian increments that update the reference configuration from the
original unstressed configuration 5, to the initial static deformed con-
figuration B, the subscript 0 identifies the resulting ‘push forward’ vari-
ables, and u(x, t) = x(X, 1) is the incremental displacement vector. For a
compressible soft electroelastic material, the linearized incremental con-
stitutive laws in terms of the increments T, and &, can be obtained from
Eq. (5) and the push-forward operation as

TO =AH+ MOD(), g() = MgH + RODO’ )

where H = gradu represents the incremental displacement gradient ten-
sor with ‘grad’ being the gradient operator in B. It should be emphasized
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that the superscript T in Eq. (9) denotes the transpose of a third-order
tensor between the first two subscripts (that always go together) and
the third subscript (i.e. MgH = MOiijij)- The three instantaneous elec-
troelastic moduli tensors A, M, and R, are given in component form

by
Aopigi = 7 FpaFypAaip; = Aogipis

Roj = JFy; Fi'Roy = Ry,
MOpiq = FpaFﬁ_qlMaiﬂ = Minqv (10)
where A, M and R denote the referential electroelastic moduli as-
sociated with Q(F,D), with their components defined by Agip =
0°Q/(3F;,0F;p), Mgy = 0°Q/(0F,,0Dp) and R,; = 3°Q/(0D,0Dy).
Moreover, the additional incremental incompressibility condition is
given by

diva = trH = 0. (11)

Finally, the updated Lagrangian incremental forms of electric and
mechanical boundary conditions, which hold on 03, will become

Eyxn=0, Dy-n=—cg, Tgn=f61, (12)

where the electrical variables and their increments in the surrounding
vacuum have been discarded, and 6y and i(’)‘ are the incremental sur-
face charge density and mechanical traction vector per unit area of d/3,
respectively.

3. Nonlinear deformation of an infinite periodic DE laminate

As shown in Fig. 1, we consider an infinite periodic DE laminate
composed of two compressible alternating phases denoted by a and b,
with the thickness of undeformed unit cell being H = H@ + H® along
the x5 direction. In the following, the physical quantities of the p-th
(p = a, b) phase are indicated by the superscript ( - )?). Geometrically,
the initial volume fractions of phase a and phase b are v(¥ = H@/H
and v® = H® /H, respectively. It is assumed that, when subjected to an
electric voltage V between the two mechanically negligible electrodes
on the leftmost and rightmost surfaces of the laminate as well as a pre-
stress 723 along the thickness direction, each layer of the DE laminate is
allowed to expand freely in the x; and x, directions. Now the length of
the deformed unit cell and the thicknesses of each phase become

h=h+n®, @ =301, =3P, (13)

/1(11) /1(13)

where A;” and A" are the stretch ratios of the two phases in the x5 direc-
tion, and h is the length of the unit cell in the deformed configuration. In
virtue of the perfect bonding condition between the two homogeneous
phases and the symmetry of the problem in the x; — x, plane, we obtain
the following relations

(@ _ 4@ _ () _ 4B _
AP =20 =20 =20 =, (14)

Fig. 1. Sketch of an infinite two-phase periodic DE laminate subjected to volt-
age V and prestress r_% in the thickness direction.
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where ﬁ(lp ) and /1(2" ) denote the stretch ratios of phase p in the x; and x,
directions, respectively. Therefore, the deformation gradient tensor of
phase p can be expressed as F? = diag[4, 4, 297 with its components to
be solved by boundary conditions. Since the voltage is applied along the
X5 direction, it can be derived that D(I”) = D(Z”) = 0 and the only nonzero

component D;‘" ) of the electric displacement vector is a constant in each
phase using Gauss’s law [see Eq. (1);]. Combining the continuity condi-
tion at the interface between phases a and b with the electric boundary
condition [see Eq. (3)5] on the leftmost and rightmost surfaces of the
laminate, we have

Dy =D{" =D = —op. (15)

where o, is the free surface charge density on the rightmost deformed
surface.

It is well known that the rubber-like materials used in engineering
are often slightly compressible and associated with dilatational deforma-
tions, such as foamed polyurethane elastomer, silicon rubber (Elite Dou-
ble 32, Zhermarck) and 3D-print digital material (A85) [12,22]. More-
over, incompressible materials can only support shear waves and thus
compressible periodic layered materials should be taken into account
to analyze the longitudinal waves [13,61]. In order to investigate both
the longitudinal and shear wave propagation characteristics in the DE
laminate, here we consider the following compressible enriched DE model
with electrostriction [13]

1
QEF,D) = Qelas(ll, 1, 13) + E(mu +y1ds+ v, 1g), (16)

where Q2(1,, I, I) is a purely elastic energy function (such as neo-
Hookean, Mooney-Rivlin and Gent or Gent-Gent models), and in order
to incorporate the effect of electric field, the energy density function
Q also includes those terms linear in the invariants I, I5 and Is. In
Eq. (16), € = gy¢, is the material permittivity of phase p in the unde-
formed state with £,(= 8.85pF/m) and ¢, being the vacuum permittivity
and the relative permittivity, respectively. In addition, y; (i =0, 1,2) are
dimensionless parameters which satisfy y, + 7, + 7, = 1. Note that the
compressible enriched DE model (16) can well capture the behaviour
of ideal dielectrics and electrostrictive materials [13,18], and the ideal
dielectric model can be recovered by imposing y, =7, =0 and y; =1
in Eq. (16). Note that some representative electrostrictive models have
been proposed in the literature, which are discussed and concluded in
Appendix A.

Substituting Eq. (16) into Eq. (7) will yield the nonlinear constitu-
tive relations as

v =277 @b + 05 (1,b - b?) + 1,051

—e7[(voa4 + 1105 + 72a6)1/2 + 7D ® D]
—£71y,(D ® bD + bD ® D),
E = ¢ (b7 + 7,1+ 1,b)D, a7)

where a; = I,/J? (i = 4,5,6). Furthermore, for the energy density func-
tion Q given in Eq. (16), the explicit expressions of instantaneous elec-
troelastic moduli tensors A, M, and R are derived by Galich and
Rudykh [13] and not shown here for brevity. Note that Vertechy et al.
[54] developed a nonlinear fully-coupled thermo-electro-elastic contin-
uum model with electrostriction and their nonlinear constitutive rela-
tions are provided in Appendix A.

To account for the particular strain-stiffening effect and the second
strain invariant, we adopt the compressible Gent-Gent model [6,45] for
Qelas([, | I, I5) in the following form

J 1,-3 Ji A
Qelasz—ﬂTmln(l— 11 )+c21n<?2)—yan+<70—Jﬁ)(J—l)2,
m
(18)

m
where 4, c, (related to the contribution of I,) and A are the elastic mod-
uli and the first Lamé’s parameter in the undeformed state, I, = 24? + 43
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and I, = A* + 24242 represent the first and second strain invariants, and
' = p+2¢,/3 is the infinitesimal initial shear modulus, which results
in the bulk modulus calculated as K = A, + 24’ /3. The parameter J,,
in Eq. (18) is the dimensionless Gent constant reflecting the strain-
stiffening effect in the DE laminate and defining the lock-up stretch ra-
tio Ay, related to the limiting chain extensibility of rubber networks via
the relation J,, =24 + A% — 3. Recall that the original Gent model
[20,56] can be recovered from Eq. (18) if ¢, =0 and the Gent model
further reduces to the neo-Hookean model when J,, — .

Inserting Eqgs. (16) and (18) into Eq. (17) and utilizing the rela-
tions b = diag[42, A2, A2] as well as D = [0,0, D;]", we derive the princi-
pal Cauchy stress components and the nonzero component of Eulerian
electric field vector for the p phase as

® J» AP ®
I A iy R 1) E | (Reuimppasicy [ [ By}
J Jrsf) _ pr) +3 2 J(p)
2P D? -2 2
2 ® 52 4 3 (Y1) () @ (
+ (10 —A)—ze(p)[yo (22) 12+ (,13)],

() 7P
JO I

®») )
P = ﬂ(L(A(P))Z _ 1) +2<A_0 - ﬁ)(](p) -1)
33 3
J® J';P) _ pr) +3 2 J,(np)

41(‘”6(1’) D? - 5
3 2 3 ®( » ® [ 4
@ 7 [—7(,” (ﬁf ) +77 +3ry (As” ) ] (19)
2
and
1 -2 2
B = [0+ G0y | Dy, @0)

2
where J® = 12/1(3" ) and I f" ) =212 4 (Ag” ))". Considering the prestress 723
applied along the x5 direction as well as the traction-free condition in

the x; — x, plane, we have

@ _ (b _ 0
T3 =T33 = T3z

@ (a),.(a) ), () (b) _
Ay VT +/13 Vit =0. 21)

Here, to derive Eq. (21),, we have followed Shmuel and deBotton
[47] and Galich and Rudykh [14] to assume that the consultant lat-
eral force applied to a unit cell vanishes (instead of vanishing of the
lateral normal stresses everywhere) in the sense of Saint-Venant’s prin-
ciple. In addition, Eq. (1), indicates a curl-free electric field that can
be expressed as E = —grad¢ where ¢ is an electrostatic potential. In this
case, the electric potential drop AV over each unit cell of the periodic
laminate is calculated as

h h
AV = / dp® =V@ +y® = - / EYdx,
0 0
=~ (A ECHO + 2V EVHO), @2

where V® is the electric potential drop in the p phase. By defining the
effective referential electric field of each unit cell as ngf =-AV/H, we
obtain from Eq. (22)

ES = )9 EOV@ 1 AP EPVO. (23)

Thus, the overall electric potential drop (i.e. the electric voltage V) be-
tween the two electrodes of the laminate is equal to ngf times the total
thickness of the periodic laminate.

It is obvious from Eqgs. (20) and (23) that E;ff depends linearly on
Ds. Thus, once the applied prestress 1;)3 and E;ff are given, the stretch
ratios Ag"), A;b), 4 and the electric displacement D3 can be completely
determined from Eqgs. (19)-(23).

4. Incremental wave propagation and dispersion relations
In this section, the incremental longitudinal and shear waves propa-

gating perpendicular to the DE laminate are superposed upon the finitely
deformed configuration induced by the combined action of an electric
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voltage and a prestress in the thickness direction. In this paper, it is as-
sumed that all physical fields depend on x3 and t only. In order to make
the incremental Faraday’s law in Eq. (8), satisfied automatically, an in-
cremental electric potential ¢ may be introduced such that £, = —grad¢,
with the components being &, = —¢ . As a result, the time-harmonic in-
cremental displacement and electric potential can be supposed as

u =U, (x3)e_i”", Uy = Uz(x3)e_i””,

uz = Us(x3)e™@, = ®(x3)e7 i, (24)
where U (x3), Uy(x3), Us(x3) and ®(x3) are the unknown functions, and
w is the circular frequency.

Making use of Eq. (24), the nonzero components of £, and incre-
mental displacement gradient tensor H = gradu are obtained as

3 = —P3,
Hy = uy3,

Hyz=uy;,
Hs3 = u33. 25)

Consequently, the incremental motion Eq. (8)5 and incremental Gauss’s
law (8); are simplified as

TOpi,p = T03i,3 = PUigs Dou = D03,3 =0. (26)

For the compressible Gent DE model in Eqs. (16) and (18), the expres-
sions of nonzero components of instantaneous electroelastic moduli ten-
sors A, M, and R, are explicitly provided in Appendix B for reference.
Thus, the incremental constitutive relations [see Eq. (9)] become

Tos1 = Ags131 Hiz + Mozp Doy,

Tosz = Agzaz Hoz + Moz Doa,

Toas = Agaaas Haz + Mos33Doss

&y = Moz Hyz + Ry Dy =0,

En = Mo Has + RopDyp =0,

&3 = Mozz3Hzz + Roz3 Do @n
Solving for Dy; in Eq. (27),_e in terms of &y;, then substituting the re-

sulting expressions into Eq. (27),_; and using Eq. (25), the incremental
constitutive relations are rewritten in terms of u and ¢ as

Toz1

F — %

Tozp = C55Un 3,

L ; U )

Tozz = cyquzz +eszds,  Dog = eszuzz — €330 3, (28)

X
Cs55H1.3

where 55 = Ap3izl — M&”/Ronv gy = Agazzz — M(Z)333/R033’ €33 =
—M333/Ro33 and e33 = 1/R33. Substitution of Eq.  (28) into
Eq. (26) yields the incremental governing equations as

T031,3 = 0;5”1,33 = puy g,

T032,3 = C§5“2,33 = pup s

Toass = Ci3U3a3 + e3daz = Pz

D33 = es3333 — €3333 = 0. (29)

Obviously, the incremental transverse displacements u; and u, (defined
by Eq. (29); ) are decoupled from the incremental longitudinal dis-
placement u3 and electric potential ¢ (governed by Eq. (29)3 4), which
means that shear waves are decoupled from longitudinal waves that are
directly coupled with the incremental electric field.
For further simplification, we introduce the following variable
v =2u- 4, (30)
€33

which is substituted into Eq. (29)3 4 to obtain
Va3 =0, (31)

where ¢33 = ¢}, + e§3 /€33 = Agas33. Accordingly, inserting Eq. (24) into
Egs. (29);, and (31), we obtain the solutions of u and yr as

€33U333 = PU3 11>

uy(x3,1) = (A;*T%5 4 A e kT35 )00,
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(x3,1) =
u (x31) =
W

(Bl eika3 + Bze_ikT"3 )e—iwt’
(Pl eikLX3 + Pzefika3 )efiwt’

(QIX3 + Qz)efiwt’

(32)

where ky = /pw?/cl and k; = /pw?/c3; denote the incremental shear

and longitudinal wave numbers, respectively, and A,, B, etc. are arbi-
trary constants. Thus, the expression of ¢ is derived as

$=—u- [zﬁ (Pre*Ls 4 Pyem153) — Qx5+ Qy)|e ™. (33)
£33 33

Furthermore, inserting Eqs. (32) and (33) into Eq. (28), we rewrite the
corresponding incremental stresses and electric displacement as

Tos1 = ikpcs (Aleika3 — Ayeikrx )e_iw’,

T032 — ich;s (BleikTX3 _ Bze_ika3 )e—i(ut’

Tozs = [easikp (Pre*t — Pye™1%5) — ¢330, ],

Dys = £330,¢7, (34)

Next we shall employ the transfer-matrix method [1,47] in conjunc-
tion with the Bloch-Floquet theorem to derive the dispersion relations
governing the incremental wave motions in the infinite periodic DE lam-

inate. For incremental shear waves, we can choose S(p ) [u; (p) Téé’)ln]T or

S¥ = [u(”) T(") 1T as the incremental state vector of phase p in the nth
unit cell of the lamlnate that should be continuous across the interfaces
between two adjacent layers. Based on the Bloch-Floquet theorem, the
relation of incremental state vectors of the same phase in adjacent unit
cells takes the following form:
S = elknhg@), (35)
where kg denotes the Bloch wave number. Thus, through some simple
derivations, Eq. (35) combined with Egs. (32)1 5 and (34)1 5 leads to
the dispersion relation of incremental shear waves as

cos(k gh) = cos(k\ B @) cos(k' n®)) — <F + FL> sin(k{” h@) sin(kP h®),

(36)
where Fr = ¢l k% /(i kD).
For incremental longltudinal waves, the corresponding incremen-

tal state vector is taken as S¥” = (" ) P, T(gé’;n Df)’;)n] and in this case,

Egs. (32)3, (33) and (34)3,4 are rewrltten in matrix form as

iky x3 —ikyx3
us 4 e 0 0 P,
i €33 ik €33 _ik
¢ _el L% - ¢ ' L _x3 _1 2 —iwt
. =1¢33 . £33 . e
To33 ikpcye®™  —ikpcpze™ L ey 0 || Q)
Dy 0 0 £33 0 |92

(37

Similarly, using the continuity condition across the interfaces and the
Bloch-Floquet theorem [see Eq. (35)], we derive the dispersion relation
of incremental longitudinal waves as follows:

cos(k gh) = cos(k' h'@) cos(k P h®) — (FL + FL> sin(k'” h@) sin(k" h®),
L

(38)
where Fy = ¢k /(K.

We observe from Eqs (36) and (38) that except for the difference
between (k7, Fy) and (k;, Fp), the dispersion relations of incremental
shear and longitudinal waves in the compressible periodic DE laminate
are in the same form, which was also shown by Galich and Rudykh
[14] for the compressible hyperelastic laminate. By numerically solving
these two equations, the dispersion relations between kg and w for shear
and longitudinal waves can be achieved and the effect of applied voltage
and prestress on their band structures can be investigated, which is to
be shown in Section 5.
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5. Numerical examples and discussions

We now conduct numerical calculations to elucidate how the applied
electric field and prestress affect the incremental shear and longitudinal
wave propagation in the compressible periodic DE laminate. In partic-
ular, attention is mainly focused on the influence of strain-stiffening,
the second strain invariant and electrostriction of different DEs on the
tunable elastic waves. We will use the normalized quantities to conduct
numerical calculations and the commercial product Silicone CF19-2186
[49] is just chosen as the referential DE with its material properties given
as py = 1100 kg/m3, Mo =333 kPa and ¢, = 2.8, which is used to normal-
ize the related physical quantities. Specifically, the normalized physical
quantities indicated by a bar on them are defined in the following form:

— —(p)

a7 = 1P g 2 =0P/pg. Ny =AM/ o.

2 = g(p)/é’ E<2p) — C;p)/ﬂo, D3 = D3/ \/Hot.

—(p) —eff ff -0 0

Ey = EP\eluy Ey =ESNeluy Toy =1/ mo, (39)

where ¢ = g¢,..

In the following numerical examples, the normalized initial densi-
ties, shear moduli, and material permittivities of phases a and b are taken
tobe 7@ =5 =1, 79 =1, 7% =5, =1 and ¥ = 2, respectively.
The first Lame s parameter Ag’) of phase p is set to be Ag’) = 10004® in
order to account for material compressibility. The normalized second
moduli of phases a and b are taken to be c<a) ‘(b) = ¢,. In addition, the
initial volume fractions of phases a and b are ﬁxed as v@ =v® =05
and the Gent constants of both phases are equal, i.e., J,, @ — J,(,,b) =J,.

Furthermore, as in Shmuel and deBotton [47] and Galich and
Rudykh [14], the normalized Bloch wave number and circular frequency
are defined as

o =wH [/ 1/ po,

where kg indicates the Bloch wave number in the so-called first irre-
ducible Brillouin zone, varying from 0 to z/h and giving the smallest
region where wave propagation is unique [27].

kp = kgh, (40)

5.1. Influence of the strain-stiffening effect

Before studying the tunable band structures of incremental waves
propagating in the periodic DE laminate, we first examine the influ-
ence of strain-stiffening effect on the nonlinear static response of ideal
dielectric materials subjected to the electric field only (the prestress,
the electrostriction effect and the contribution of I, are not considered
at this moment, i.e., r33 =y =7=0,y7, =1 and ¢, = 0). According to

(21) and (23), the nonlinear responses of lateral stretch 4 versus

the normalized effective referential electric field fff in the periodic DE
laminate are illustrated in Fig. 2 for both the neo-Hookean (N-H) and
Gent models (J,, = 5, 10, 20 and 1000). As mentioned in Section 3, the
N-H model can be recovered from the Gent model when J,, approaches
infinity, which can be verified in Fig. 2 that the nonlinear curve of the
N-H model coincides with that of the Gent model with a very large value

» = 1000. It can be seen in Fig. 2 that the onset of snap-through insta-
bility exists when the dimensionless Gent parameter J,, = 10 and 20, and
the dashed orange arrows in Fig. 2 indicate the paths of snap-through
transition for J,, = 10 (path B — C and path D — E). Specifically, as the

applied electric field f;ff increases from zero to a critical value fgr (from
state A to state B) which is dependent on the material properties, the DE
laminate shrinks due to the electro-mechanical coupling effect. Then, a
further ascending change in the electric field will trigger the so-called
snap-through transition from state B to a stable state C, which leads to a
drastic change in geometrical configuration. Conversely, a contracting
snap-through process from state D to state E may also be generated by
a consecutive fall in the effective electric field to the state D.

However, the results of the N-H model and the Gent model with J,, =
5 in Fig. 2 indicate that the snap-through transition is not accessible.



Y. Chen, B. Wu and Y. Su et al.

24
| —

0L —1=10

16L :‘]I\Z; 1000
ET 121

08+ E

04+

A

OO L L 1 L 1 L 1 L 1 L
05 1.0 1.5 20 25 3.0
A

Fig. 2. Nonlinear response of the lateral stretch 4 to the normalized effective
f
referential electric field E; in the DE laminate for the Gent model with J,, = 5,
10, 20, 1000 and the neo-Hookean (N-H) model. The snap-through instaibility
—cf
occurs when the effective electric field reaches a critical value E, .

The underlying mechanism is explained as follows. The occurrence
of snap-through transition results from the competition between the
change in mechanical stress owing to the strain-stiffening effect and that
in electrostatic stress counterpart induced by the electric stimuli. Thus,
the DE laminate with a larger J,, shows a weaker strain-stiffening ef-
fect, and the N-H model presents the electromechanical instability that
results in ultimate electric breakdown [61,66]. In turn, with a smaller
J,, (for example,J,, = 5) that means a more pronounced strain-stiffening
effect, the snap-through transition may not take place under the appli-
cation of electric field as well, which is due to the fact that DE mate-
rial has reached the strain-stiffening stage in advance before the elec-
tric field achieves the aforementioned critical value f;r. It is also noted
from Fig. 2 that, for the Gent model, the critical electric field where the
snap-through transition occurs from B to C is almost independent of J,,,
and the DE laminate will arrive at a stable state C in the vicinity of the
lock-up stretch state Ag,.

Based on the nonlinear response of different strain-stiffening models
with or without the snap-through transition, it is extremely feasible to
electrostatically tune the band structures of incremental waves in DE
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laminates in various manners. For the Gent model with J,, = 10 and dif-
ferent electric fields, the dispersion curves of incremental shear waves
are depicted in Fig. 3(a) and (b) before and after the snap-through tran-
sition, respectively. It is observed that the band gaps appear at the center
and border of the first Brillouin zone and their positions move up with
increasing electric field. Comparing the result in Fig. 3(a) with that in
Fig. 3(b), we can see that a huge change in dispersion curves can be
achieved by means of the snap-through transition.

To clearly demonstrate the effect of snap-through instabilities on the
band gaps, the first band gap of incremental shear waves is taken as an
example and its variations with the normalized effective electric field are
displayed in Fig. 4(a)—(d) for the ideal N-H and Gent models (J,, = 5, 10
and 20). Hereafter, all the critical electric field value Egr will be marked
out on the top of corresponding figures. We observe from Fig. 4(a) that
the first band gap of shear waves in ideal N-H DE laminates is not af-
fected by the variation of electric stimuli, which agrees well with the
result of Galich et al. [12] for the compressible periodic hyperelastic
laminate. This phenomenon can be ascribed to the mutual cancellation
between the changes in geometrical and material properties via the fi-
nite deformation induced by electric stimuli. For the ideal Gent models
with J,, = 20 and 10 shown in Fig. 4(c) and (d), we can obtain that the
snap-through transition triggered at the corresponding critical electric
field leads to a remarkable change in the position and width of shear
wave band gap, and the subsequent decrease in the electric field from
state C to state D lowers the position and narrows the width of band gap
continuously. Besides, the results along the loading path E — A coin-
cide with those along path A — B and their variation trend of the first
band gaps of shear waves for J,, = 10 and 20 appears to be the same
as that of the N-H model, which can be explained based on the fact
that the Gent phase has not reached the strain-stiffening stage under a
small electric field and resembles the N-H model. Different from Fig.
4(c) and (d), Fig. 4(b) presents the continuous band gap variation with

ff
increasing electric field f; for the ideal Gent model J,, = 5 without the
snap-through instability. To be specific, the band gap widens and lifts

up beyond a threshold value of the effective electric field (E:ff ~ 1.15),
where the influence of strain-stiffening effect (belonging to the material
property change) exceeds that of geometrical change on the shear wave
band gap.

Similarly, for the ideal Gent model with J,, = 10 and different elec-
tric stimuli, Fig. 5(a) and (b) show the evolution of dispersion diagrams
of incremental longitudinal (or pressure) waves propagating in the peri-
odic DE laminate before and after snap-through transition, respectively.
Analogous observations to those in Fig. 3(a) and (b) can be obtained and
hence the discussions are omitted for brevity. Nevertheless, it should be
emphasized that the position or the frequency of band gaps for pres-

Fig. 3. Evolution of the band structures of shear waves before

—-—-B(E =1.07)

1 1 1 —)

(a) and after (b) the snap-through transition from states B to C
shown in Fig. 2 (J,, = 10).

0 l== 0
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Fig. 4. The frequency limits of the first band gap of in-
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Fig. 5. Evolution of the band structures of longitudinal waves
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B to C shown in Fig. 2 (J,, = 10).
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sure waves is much higher than that for shear waves when comparing
Fig. 5(a) and (b) with Fig. 3(a) and (b).

Furthermore, for incremental pressure waves, Fig. 6(a)-(d) display
the frequency limits of the first band gap as functions of the normalized
electric field for the ideal N-H model and the Gent models with J,, =5,
10 and 20. We find from Fig. 6(a)-(c) that the pressure wave band gap
for the N-H model before the snap-through transition can be altered by
the electric stimuli, which is distinguished from the case of shear waves,
since the dominant mechanism affecting the pressure wave band gaps is
the geometrical change of layers via the finite deformation generated by
the electric field [12]. Specifically, the pressure wave band gap moves
upward owing to the geometrical change as the electric field increases
although the material may not reach the strain-stiffening stage before
the snap-through transition. Comparing the variation trends at the snap-
through transitions and at the loading path C — D for pressure waves
in Fig. 6(c) and (d) with those for shear waves in Fig. 4(c) and (d), we
can obtain qualitatively similar characteristics and will not repeat here.
However, we note that compared with the result of tuning incremen-

0 L L L L
00 01 02 03 04 05

tal shear waves, a better tunable effect on pressure waves can be ob-
tained in view of a relatively greater jump in the band gap induced by
the snap-through transition. In addition, for the ideal Gent model with
J,, =5 shown in Fig. 6(b), we see that before the same threshold value

f;ff ~ 1.15 as that in Fig. 4(b), the first band gap of longitudinal waves
ascends and keeps the same width with the increase of electric field.
A further increase in electric field makes the band gap move upward
and become wider due to the combination effects of strain stiffening
and great geometrical change in the compressible ideal DE laminate.
Finally, the band gap may reach a plateau at the lock-up stretch Ay,
where the layers of DE laminate have been compressed sufficiently such
that the strain stiffening and the geometrical configuration almost keep
unchanged.

In a word, by choosing DE materials with different Gent constants
J,, reflecting the strength of strain-stiffening effect, sharp transition and
continuous control of band gaps are practicable by tuning the electric
field for both shear and longitudinal waves, which should be beneficial
for the design of tunable acoustic/elastic wave devices.
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Fig. 6. The frequency limits of the first band gap of in-
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5.2. Influence of the second strain invariant

Now the effect of the second strain invariant I, characterized by the
second modulus c, on the nonlinear response and wave propagation
behavior in periodic DE laminates is considered in this subsection with-
out electrostrictive effect and prestress (723 =y =r=0and y, =1).
By virtue of fitting experimental data with the Gent-Gent constitutive
model for the mechanical response of natural rubbers, Ogden et al.
[45] obtained two sets of parameters with ¢, /u = 0.42 and 0.14 for sim-
ple tension and equibiaxial tension, respectively. Recently, Chen et al.
[6] performed the pure-shear tests on three different DE materials: the
THERABAND YELLOW 11726 made of styrenic rubber, the OPPO BAND
GREEN 8003 made of natural rubber and VHB 4905 by 3M, with ¢,/u
measured as 0.91, 0.37 and 0.00024, respectively. In our work, the nor-
malized material parameter ¢, used for numerical calculations is chosen
as 0, 0.37 and 0.91 in accordance with the experimental results obtained
by Chen et al. [6].

Fig. 7 displays the nonlinear response of the periodic ideal DE
laminate under electric stimuli for the compressible Gent-Gent model
(18) with different values of ¢, = 0, 0.37 and 0.91 (J,, = 10, 123 =y =
v, = 0and y;, = 1). We observe that the increase in ¢, may result in larger
critical electric field at which the snap-through instability from state B
to state C takes place and the resulting lateral stretch at the stable state
C also becomes larger. However, the nonlinear responses at small and

large effective electric fields (fjff < 1.0 and fff > 1.2) appear to be in-
dependent of the second strain invariant.

The evolution of band structures for incremental shear and lon-
gitudinal waves before and after the snap-through transition is dis-
played in Fig. 8 for ¢, = 0.91 and different electric fields. We find from
Fig. 8 that the band gaps can be moved up by increasing the elec-
tric field, and the triggered snap-through transition helps to realize a
drastic change in band gaps. In addition, by comparing the results in
Fig. 8(c) and (d) with those in Fig. 8(a) and (b), we see that the band
gap frequency of longitudinal waves is much larger than that of shear
waves. These are qualitatively analogous to the phenomena observed in
Figs. 3 and 5.
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Fig. 7. Nonlinear response of the lateral stretch A to the normalized effective

ff
referential electric field f§ in the DE laminate for Gent-Gent model with ¢, =
0 (original Gent model), 0.37 and 0.91 (J,, =10)..

In order to clearly show the effect of the second strain invariant on
wave propagation behaviors, Fig. 9 depicts the frequency limits of the
first shear and pressure wave band gaps versus the effective electric field
before (path A to B) and after (path C to D) the snap-through transtion
at three different values of ¢, = 0, 0.37 and 0.91. The result for ¢, = 0
corresponds to the case of the original Gent model. For different ¢,, the

variation trends of frequency limits with electric field f:ﬁ are qualita-
tively consistent but quantitatively different for both loading paths. The
differences are as follows: (1) the critical electric field becomes larger
and the frequency limits (i.e. the position of band gaps) are lifted up
with the increase of ¢,; (2) the band gaps of both shear and pressure
waves can be tuned in a wider range of electric field for a larger ¢,.
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(a) (c) Fig. 8. Evolution of the band structures of shear (a, b) and
B B —— 200 longitudinal (c, d) waves before (a, ¢) and after (b, d) the snap-
4r ______.—-—--"'_'—- i T through transition from states B to C shown in Fig. 7 for ¢, =
o 150-——=""""" AE =0) 0.91 (J, = 10)..
] [~ === o - BEY =1.19)
N = 1001 ______________321
@ 2k —memmi T o L
1k A(E;” =-(;) ________________ S0k =L
----- BEY =1.19)_ _.comems==" e
I . . . 0leamemr =" ! . .
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 02 _ 03 0.4 0.5
kB kB
70 600 (%)
T
T 400 T m—e
_ 4r L T
@ | =TT e
5 Co = 200F-=mm
CES =1.19) === QBT =1.19) —==s=emem
————— EY =130 _.ocmeme=== - BT =130 =T
e : : 0 bz T . .
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 02 03 0.4 0.5
k, ky,
(a) (c) Fig. 9. The frequency limits of the first shear (a, b) and
1.2 — 50 /"I’ longitudinal (c, d) wave band gap versus the dimensionless
L1z, L12 % electric field fjﬂ in the ideal DE laminate before (a, ¢) and
Lot E X 40+ ,'; ;’: *: after (b, d) the snap-through transitioicfror J,, = 10 and dif-
""""""""""""""" | 3 e ! ferent ¢, (The corresponding critical E, is also marked by
N / """""" X A cross in this figure).
iy ---f--a i
@08 e ot & ool | I
-+ F

S
[*)}
T 7
1 1
.y
b
1
b
[
i
. 1
o
[
i H
v
k‘- i.
Ui
NS
N

107 1 1 L19 107 |
0.4 . LN 1% ‘ ‘
0.0 0.4 0.8 1.2 1.4 0 0.4 0.8 12 14
ES £
d
1.6 130 @ .
Y el |
7l /’V—F—\ | / : 1007 ot \ L0091 |
_ L2 N | 5=091 ! _ g v | 2S00 |
@ *@ZO | 5=07 :.—.____& _____ S @ gl ! 0* =037 —.__\_ _____ |
0.8F 1\ 4T | R |
s | | : 6ot T |
1026/ 1.051 11,07 VL2 119 ro2el10st 107 2 L)
oabN N VN gl N N

E}e..ff E}f//'

5.3. Influence of the electrostrictive effect electrostrictive parameters for experimentally tested DE materials con-
ducted by Wissler and Mazza [58] and Li et al. [30]. The two sets of

Due to the large deformations of DEs induced by the application electrostrictive parameters marked by ‘ES-1’ and ‘ES-2’ are provided in

of electric fields, the dielectric permittivity is no longer a constant Table 1. In this subsection, we will illustrate the effect of electrostriction
and dependent on the deformation process, which is referred to as the on nonlinear response and incremental wave characteristics of the peri-
electrostrictive effect [66]. This phenomenon has been observed by odic DE laminate under electric stimuli. Note that Appendix A provides
the experimental works [30,58] for typical DE materials (such as 3M some other electrostrictive models available in the literature [10,54,66],
VHB4910). By means of the numerical fitting of the enriched material numerical comparison of which is beyond the scope of this paper and

model (16) to experimental data, Gei et al. [18] obtained the values of worth further research.
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Fig. 10. Nonlinear response of the periodic DE laminate to the effective electric
field for the ideal, ES-1 and ES-2 Gent models (J,, = 10).

Table 1

Electrostrictive parameters of the enriched Gent
DE model utilized in numerical calculations (‘ES-
1’ denotes the first set of electrostrictive param-
eters from Wissler and Mazza [58], while ‘ES-2’
represents the second one from Li et al. [30]).

Reference Yo 71 72
ES-1 [58]  0.00104 1.14904  -0.15008
ES-2 [30]  0.00458 1.3298 -0.33438

Based on Egs. (21) and (23), the nonlinear responses of the peri-
odic DE laminate to the electric stimuli are displayed in Fig. 10 for the
ideal (yy) =y, =0 and y; = 1) and enriched Gent models with the elec-
trostrictive effect. Note that the prestress here is still set to be 723 =0
and the Gent constant is taken as J,, = 10 for all three cases. For small
effective electric fields (fjﬂr < 0.8) where the effect of electrostriction
can be neglected, the results predicted by the electrostrictive model are
the same as that based on the ideal Gent model. When considering the
electrostriction effect, the critical electric field E;r of the enriched Gent
model where the snap-through transition from state B to state C occurs
is higher than that given by the ideal Gent model. However, the critical
stretch A, at state B is almost independent of the electrostrictive param-
eters. Moreover, the enriched Gent DE laminate may achieve a smaller
lateral stretch A at the stable state C after snap-through transition.

For the first band gap of incremental shear waves, we highlight in
Fig. 11(a) and (b) the dependence of prohibited frequency limits on the
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dimensionless effective electric field for ES-1 and ES-2 enriched Gent
model (J,, = 10), respectively. We see from Fig. 11(a) that the variation
trend for ES-1 parameters is qualitatively analogous to that in Fig. 4(c)
for the ideal model except for the various critical electric field values
—cr .
E, . Nonetheless, the shear wave band gap of the enriched Gent DE lam-
inate with ES-2 parameters shown in Fig. 11(b) exhibits different varia-
tion features when subjected to the electric field. Specifically, when the
. e L —cr

applied electric field increases from zero to the critical value E, (from
A to B), the frequency limits first decrease and then increase slightly.
Additionally, when adopting ES-2 parameters [30], the jump of band
gap during the snap-through transition from B to C is not so significant
as those in Figs. 4(c) and 11(a).

Furthermore, Fig. 11(b) for ES-2 parameters shows that the forbid-
den frequency of incremental shear waves even increases monotoni-

ff
cally with the decrease of F; along the path C — D, in contrast to
the monotonous declining in Figs. 4(c) and 11(a). The reason for this
phenomenon can be explained as follows. First, we define the effec-

tive shear wave velocity as c¢; = 4 /cZ/p and hence the wave number

is ky = w/cyp. Then, the terms krh in Eq. (36) for each phase can be

rewritten as @A /¢y, where &y = 4 /J i /ug. It is well-known that the

frequency of band gaps depends on the dimensionless wave velocity ¢,
and stretch ratio A3 [12]. Specifically, an increase in ¢; stands for the
increase of material stiffness, which is accompanied by an ascending
change in frequency; conversely, with the increase of 13, the deformed
size of structure becomes larger, which may result in the decrease in
frequency. Since ¢; and A; affect the frequency of band gaps in the
opposite ways, the variation of parameter ¢;/4; as a whole with the
effective electric field for loading path C — D is displayed in Fig. 12
to take the effects of both phase material properties and size into con-
sideration. As we can see from Fig. 12(a) for ES-1, c‘(T”) /1(3”) becomes

smaller for both phases with the decrease of F;ff from state C to state D,
which means that the shear wave band gap may be moved downwards
by decreasing the electric field, as shown in Fig. 11(a). But for ES-2,
Fig. 12(b) demonstrates that the curves of phases a and b vary in oppo-

—eff
site trends (i.e., with the decrease of E , c‘(T” ) / ig” ) increases for phase a,
but decreases for phase b). Because the increase in @ / Ag") exceeds the

T
decrease in c‘(Tb) / /1(3’]), the shear wave band gap in Fig. 11(b) moves up
with the decrease of electric field. Similar explanations can be applied
to other loading paths and longitudinal waves.

Fig. 13 illustrates the variation trend of the first band gap of lon-

gitudinal waves with the electric field E?ff for the enriched DE model
with the ES-1 and ES-2 parameters. Along the loading path A — B, qual-
itatively analogous characteristics to those of the ideal Gent DE model
are observed, which are different from the results of shear waves. The
reason is that the geometrical change dominates the longitudinal wave
band gaps and the critical stretch ratio 4., at state B is almost indepen-
dent of the effect of electrostriction (as shown in Fig. 10). Besides, both
of the two sets of electrostrictive parameters lower the frequency jump
for the snap-through transition, compared with the ideal DE model.

Fig. 11. The frequency limits of the first band gap of in-

(@) L15 L11 (b)) 105 122
1.6 1.6 1.6 1.6 cremental shear waves versus the dimensionless electric field
. . . 4. . T iy
Path: 4-B | Path: C-D | Path: E-A Path: A-B | Path: C-D| Path: E-A E, in the periodic DE laminate for the enriched Gent model
1.2 11.2 1.2+ {112 (J, = 10) with different electrostriction parameters: (a) ES-1;
(b) ES-2.
@ 08 08 @ 08 _ 0.8
0.4 E 104 0.4+ Blc E 10.4
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0'0 1 1 1 1 1 1 0.0 00 1 1 1 1 1 0.0
0.0 04 0.8 1.14 1.12 0.8 0.4 0.0 0.0 05 1.0 1.24 1.0 0.5 0.0
E_';lf E_';ff
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In brief, the electrostrictive effect increases the critical electric field 3.0
where the snap-through instability happens, and it weakens the sharp )
transition of band gaps for both shear and longitudinal waves. Since dif-
ferent electrostrictive materials influence the superimposed wave prop- 25+
agation behaviors in different ways (see Fig. 11), a guided wave-based
testing method may be developed to characterize the electrostrictive pa- 20k
rameters of different DEs. :
5.4. Influence of the prestress E;ff 1.5}
Except for the electrostrictive effect discussed in Section 5.3, the me- 1ol
chanical loading (here is the prestress 1393 in the thickness direction dis- : ¥
played in Fig. 1) can also be exploited to tune the snap-through instabil- I N
ities and manipulate the wave propagation in the periodic DE laminate. 05+ .
For the ideal Gent model with J,, = 10, the nonlinear responses of the | '
periodic DE laminate under electric stimuli are plotted in Fig. 14 for dif- 0.0 A E | | |
—0 . L L L L L
ferent prestress values of Tg3=0,1,2 and 4. We see from Fig. 14 that a . 0.6 1.0 14 18 22 26

larger prestress is accompanied by a smaller lateral stretch 4 at the ini-

tial state A (ngf = 0). The critical electric fields E;r at states B and D rise
with the increase of prestress, which implies that the application of pre-
stress in the thickness direction is beneficial to stabilizing the periodic
DE laminate. Moreover, as the prestress increases, the resulting lateral
deformation at stable state C after the snap-through transition triggered
by electric field becomes remarkably larger. Finally, independent of the
applied prestress, the nonlinear responses approach to a vertical asymp-
tote, where the Gent DE laminate reaches the lock-up stretch state that
can be calculated as Ay, ~ 2.55 according to J,, =247 + A} -3 =10.

For different prestress values, the first band gaps of shear and longi-
tudinal waves as functions of the dimensionless electric field are demon-
strated in Figs. 15 and 16, respectively, for the ideal Gent DE laminate
with J,, = 10. We can obtain qualitatively the same variation trends as
those in Figs. 4(c) and 6(c) for zero prestress state: as the electric field as-
cends to the critical value, the shear wave band gap in path A — B may
hardly be changed, while the longitudinal one increases monotonically;
along path C — D, the band gaps for both shear and longitudinal waves
are shifted to lower frequencies with their width becoming narrower.

A

Fig. 14. Nonlinear response of the lateral stretch 4 to the effective electric field

it
f: in the periodic DE laminate subjected to different prestress values of ?23 =
0,1,2,4 (the ideal Gent model with J,, = 10 is adopted).

Nevertheless, it should be emphasized that the jump of band gaps from
state B to state C via the snap-through transition becomes more signif-
icant with increasing prestress for both types of waves. What’s more,
the band gaps in path C — D can be continuously adjusted in a wider
range of the electric field. We can take the shear waves in Fig. 15 as the
example: for ?(3)3 = 1, the applied electric field can be tuned from 1.20 to
1.06 (i.e., from state C to state D in Fig. 14) with its central frequency
varying from 1.17 to 1.02, while for ?(3)3 = 4, the electric field changes
from 1.74 to 1.14 with the tuning range of central frequency from 1.81
to 0.91.
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Fig. 15. The frequency limits of the first band gap of incremental shear waves versus the dimensionless electric field f: in the periodic DE laminate for the ideal

Gent model (J,, = 10) and various prestress values: (a) ?23 =1; (b) ?23 =2;(c) ?23 =4.
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Fig. 16. The frequency limits of the first band gap of incremental longitudinal waves versus the dimensionless electric field Ez in the periodic DE laminate for the
ideal Gent model (J,, = 10) and various prestress values: (a) ?(3’3 =1;(b) ?‘3)3 =2;(c) ?23 =4.

6. Conclusions

The nonlinear response and superimposed elastic wave motions in
an infinite periodic DE laminate subjected to electromechanical loadings
are theoretically investigated in this work. First of all, the theory of non-
linear electroelasticity proposed by Dorfmann and Ogden is employed to
describe the nonlinear static deformations in periodic DE laminates un-
der combined action of prestress and electric field, where the enriched
Gent-Gent DE model is used to characterize the strain-stiffening, the
second strain invariant and electrostrictive effects. Utilizing the transfer
matrix method as well as the Bloch-Floquet theorem, the dispersion rela-
tions of decoupled shear and longitudinal waves superimposed on finite
deformations are obtained, which are in the same form as the purely
elastic counterpart. At last, numerical investigations are conducted to
demonstrate how the material properties and external stimuli affect the
nonlinear static response and wave propagation characteristic. What fol-
lows is a list of useful numerical findings from the present investigation:

(1) For the periodic DE laminate described by ideal Gent model, the
snap-through instability originating from geometrical and material
nonlinearities can be harnessed to achieve the drastic change in ge-
ometrical configuration and band gaps (including the position and
width).

(2) The snap-through transition may not appear when the strain-
stiffening effect is strong enough (such as J,, = 5) or when the neo-
Hookean model is adopted. Thus, the shear and pressure wave band
gaps can be tuned continuously by adjusting the electric field.

(3) Increasing the second modulus raises the critical electric field and
lifts up the position of band gaps for both types of waves;

(4) Both the electrostrictive effect and applied prestress contribute
to stabilizing the periodic DE laminate. However, they affect the
band structure in different manners: the former weakens the band
gap jump induced by the snap-through transition, while the latter
strengthens the tunable frequency range for both types of waves.

(5) Due to the difference in physical mechanism dominating the wave
motions, the electrostatically tunable effect on the band gap of lon-

gitudinal waves is more evident than that on the shear wave band
gap.

The results obtained here may provide a strong theoretical guidance
for the design and fabrication of electrostatically tunable DE wave de-
vices and for the wave-based characterization method of electrostrictive
materials. Experiments will definitely be beneficial to understand the
wave propagation behaviors in periodic DE laminates, but they are out
of the scope of this paper.

Note that viscoelasticity neglected in this work is indeed an impor-
tant factor in the analysis of wave propagation behaviors. However, it
should be emphasized that the dissipation/damping effect of soft mate-
rials on wave propagation is generally significant in the high frequency
range, but is usually negligible at low frequencies (see, for example, Li
et al. [32-34] and Gao et al. [17]). Here we mainly focus on the first-
order band gap in periodic DE laminates, which is the most important
one in real-life situations. Numerical calculations indicate that the fre-
quency of the first-order shear wave band gap is relatively low, but that
of the pressure wave band gap is a little higher. As a result, the dissi-
pation/damping in DE materials will hardly affect the first-order shear
wave band gap while it will have remarkable suppressive effect on the
first-order pressure wave band gap. Thus, consideration of dissipation
can potentially improve the predictions of the first-order pressure wave
band gap, which demands further research.
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Appendix A. Representative electrostrictive models

This appendix will list the specific forms of energy density function
for several representative electrostrictive models suggested in the litera-
ture to characterize isotropic DE materials. The energy density function
Qelec(F, D) related to the electrostrictive effect and purely electrostatic
field is usually assumed to linearly depend on the three invariants I, I
and Iy as

1
QEIeC(F, D)= a(mh +y1ds + 1), (A.1)

where ¢ = ¢4¢, is the material permittivity in the undeformed state.
In general, the three coefficients y,, y; and y, are functions of the
other three invariants I;, I, and I; associated with the deformation.
For constant coefficients, Eq. (A.1) recovers the compressible enriched
DE model (16) [13] and the incompressible electrostrictive model with
J =1[18]. Furthermore, if y, =0and J = 1, Eq. (A.1) reduces to the in-
compressible electrostrictive model used in Dorfmann and Ogden [10].
Moreover, neglecting the dependence on I, and I, Eq. (A.1) be-
comes
n® Io= I5

Qelec(F’ D) ==——Ils=—"—,
2eJ 2Je,(F)

(A2)
where ¢,(F) = £/y,(F) is the deformation-dependent material permittiv-
ity. The soft electro-active material characterized by Eq. (A.2) is called
quasilinear dielectrics [66].

Based on the free energy density function W(F, E) per unit mass
rather than the total energy density function Q(F, D) and using Eulerian
electric field vector E as independent electric variable instead of La-
grangian electric displacement vector D adopted in this work, Vertechy
et al. [54] obtained the nonlinear constitutive equations (neglecting
terms related to temperature field in their work) as

oY
ﬁ»
where oy = €g[E® E — (E - E)I/2] is the well-known Maxwell’s stress
tensor in vacuum and P =D — ¢,E is the electric polarization vector.
It has been verified (see Secs. 2.4 and 2.5 in the review work by Wu
et al. [60]) that the nonlinear constitutive Eq. (A.3) can be transformed
to Eq. (5) by introducing the following augmented free energy density
function Q*(F,€) and conducting the following Legendre transforma-
tion

r=p%FT+GM+E®P, P=—p (A.3)

Q*(F, &) = p,¥(F,E) — n(F,E),
Q@F, D) = Q*(F, )+ & - D, (A4)

where

n(F.E) = ggJ&- (CT'€)/2 =gy JE-E/2,
£-D=JE-D. (A5)

For isotropic DE materials, W(F, E) depends on the following six invari-
ants:

T,=tth=1,, T,= %[(trb)z —tr(b?)] =1, Ty=detb=J2=1,

I,=E-E, I;=E-(E), Is=E-(b’E), (A.6)
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substitution of which into Eq. (A.3) yields

T = 2p[(l111 + W, )b - W,b7 + lp3731]
+2p[-¥,EQE + ¥¢(bE) ® (bE)| + oy,
D = —2p(¥,E + ¥sbE + ¥;b’E), (A7)

where ¥, = 0¥/dI,(i = 1 —6). In particular, Vertechy et al. [54] pro-
posed a compressible Mooney-Rivlin electrostrictive model with ¥(F, E)
decomposed in the following three parts

v = ll’hyd(ﬂjz,J) + ‘I‘eS“<J,74,75) + ‘I‘em<J,74),

po ¥yl = c10<71 - 3) + 020(72 - 3) + e300 = 1)? = 2(egq +2ep)InJ
po(Ts-Ta)J T
| _ xolaJ
polyestr = —o| ———— "+ pls(J =D, ,l)()lyeSta =—& s g
2 2 2
(A8)

where cq1q, €9, €39, f10 and fyq are constant material parameters and
Yo = €, — 1 is the electric susceptibility. The detailed explanation of the
three parts in Eq. (A.8) can be found in Vertechy et al. [54]. Inserting
Eq. (A.8) into Eq. (A.7) leads to specific constitutive relations (see
Egs. (80)-(81) and (85)-(87) in Vertechy et al. [54]). Note that due to
the different choices of energy density function and independent electric
variable, it is intractable to establish a direct and explicit connection
between the nonlinear constitutive Eq. (17) and those in Vertechy et al.
[54].

Appendix B. Nonzero components of instantaneous elelctroelastic
moduli used in this paper

According to the formulations derived by Dorfmann and Ogden
[10] and Galich and Rudykh [13] and for the compressible Gent-Gent DE
model in Egs. (16) and (18), the nonzero components of instantaneous
elelctroelastic moduli tensors A, M, and R, utilized in Section 4 read

I s 2436

u
A, =A ==
03131 L R A

2 292

2u H Juds 4430, 44775

A = Ay- = )+ — S 1|+ — 1- :
03333 3( 0 J,,,) ,12,13<Jm—11 +3 I, I,

24 In
A2y (L, =1 +3)2

D§ 2 2
+ ?[yl + (22 +24)r].

D
4 -2 2
+ H+ ?(,13 Yo +34312),

D
Moz = Moz = ?3 [71 + (12 + /15)72],
1,,.
Ron = ;(/1 o+ + 4.
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