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a b s t r a c t 

The buckling of a stiff thin film on a compliant substrate has been widely studied over the past decade 

due to its wide applications such as stretchable electronics, micro- and nano-metrology, and surface en- 

gineering. Instead of a single-layer compliant substrate, a bi-layer compliant substrate is usually encoun- 

tered in practical applications. In this paper, the buckling of a stiff thin film on a bi-layer compliant 

substrate of finite thickness is studied theoretically, numerically and experimentally. The theoretical mod- 

els based on the small-deformation theory and the simple finite-deformation theory accounting for the 

geometry change by using the energy method are both developed and presented. The good agreement 

among theoretical predictions, finite element analysis and experimental measurements of the buckling 

behavior validates the theoretical model. The influences of finite thickness of the bi-layer substrate and 

substrate modulus ratio on the buckling wavelength and critical buckling strain are systematically in- 

vestigated. The buckling configurations at various applied strains are also measured to further validate 

the theoretical model. These results shed light on the influence of finite substrate thickness on buckling 

of the bi-layer substrate-supported thin films and are helpful to provide design guidelines in practical 

applications. 

© 2019 Published by Elsevier Ltd. 
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. Introduction 

The pioneering work of Bowden et al. (1998) showed that

 stiff thin film adhered onto a compliant substrate can buckle

nto a well-defined, controllable surface pattern under in-plane

ompression. This phenomenon has attracted much attention

ue to its wide applications ranging from stretchable electronics

 Khang et al., 2006 ; Kim et al., 2008 ; Song, 2015 ; Song et al., 2015 ;

hang et al., 2015 ), micro- and nano-metrology ( Stafford et al.,

0 04 ; Wilder et al., 20 06 ), tunable metamaterials ( Lee et al., 2012 ;

udykh et al., 2014 ; Wang et al., 2016 ), to surface engineering

 Harrison et al., 2004 ; Yu et al., 2010 ; Wang and Xiao, 2017 ) etc.

otivated with these novel applications, over the last decade, ex-

ensive theoretical studies have been performed to explore the un-

erlying mechanism of this phenomenon. The early effort s mainly

ocus on buckling of a stiff thin film resting on a single-layer,

omogenous substrate ( Mei et al., 2011 ; Huang et al., 2005 ;

iang et al., 2007 ; Song et al., 2008 ; Duan et al., 2008 ; Dong et al.,

018 ; Pan et al., 2014 ; Li et al., 2018 ; Cheng and Song, 2014 ).
∗ Corresponding authors:. 

E-mail addresses: chenwq@zju.edu.cn (W. Chen), jzsong@zju.edu.cn (J. Song). 
1 These authors contribute equally to this work. 
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 few works have been carried out for the system of a stiff thin

lm on a multi-layer compliant substrate, which is frequently ob-

erved in practical applications. For instance, the introduction of an

dditional intermediate thin layer at the interface between the thin

lm and the substrate can enhance the adhesion of the substrate

hat is difficult to adhere directly to the stiff thin film ( Nolte et al.,

0 06 ; Kim et al., 20 09 ). In addition, many living soft tissues (e.g.,

kins, brain) and chemically or physically treated soft polymers

 Befahy et al., 2009 ) can also be considered as multi-layer, com-

liant substrates. 

For the buckling of a thin film on a multi-layer, inhomo-

eneous compliant substrate, the stiffness of each layer has

ignificant influence on the buckling configuration of the sys-

em. Jia et al. (2012) and Xie et al. (2014) presented analyti-

al studies for a stiff thin film adhered to a bi-layer substrate

f infinite thickness and captured several wrinkling modes by

odulating the elastic modulus of the intermediate thin layer.

heng et al. (2014) performed the mechanics analysis for the sim-

lar system with the focus on the stretchability of the brittle, thin

lm. Furthermore, buckling of a stiff thin film on multi-layer (more

han three layers) ( Lejeune et al., 2016a , 2016b ) and elastic graded

ubstrates of infinite thickness ( Jia et al., 2014 ; Chen et al., 2017 ;

ao et al., 2012 ) were also analytically investigated. These studies

https://doi.org/10.1016/j.ijsolstr.2019.10.012
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijsolstr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2019.10.012&domain=pdf
mailto:chenwq@zju.edu.cn
mailto:jzsong@zju.edu.cn
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Fig. 1. The schematic diagram of a stiff thin film buckled on a bi-layer compliant 

substrate of finite thickness. 
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shed light on surface instabilities of a stiff thin film on an inhomo-

geneous substrate, however, in their models, a substrate layer of

semi-infinite thickness is assumed for simplicity, which is valid in

most cases and thus the influence of the finite substrate thickness

on the buckling behavior is still unclear. 

We aim to study the buckling of a stiff thin film on a bi-layer

substrate of finite thickness theoretically, numerically and exper-

imentally. Particularly, the influence of finite thickness of the bi-

layer substrate on the buckling behavior is systematically inves-

tigated. The paper is outlined as follows. The theoretical model,

finite element analysis (FEA), and experiments are described in

Section 2 , 3 and 4 , respectively. Section 5 presents the results and

discussion. Section 6 summarizes the main conclusions. 

2. Theoretical model of buckling 

Fig. 1 shows the schematic diagram of a stiff thin film buck-

led on a bi-layer compliant substrate of finite thickness under the

uniaxial in-plane compression εa . The Cartesian coordinate system

( O-xz ) is established with the origin O located at the interface be-

tween the top and bottom substrate layers, the x -axis pointing

from left to right and the z -axis pointing from top to bottom. Both

the film and substrate are linear elastic materials. The thickness,

elastic modulus and Poisson’s ratio are denoted by h f , E f and ν f ,

respectively, for the stiff thin film, H t , E t and νt for the top sub-

strate, H b , E b and νb for the bottom substrate. All interfaces are

perfectly laminated without any slippage. 

2.1. Small-deformation buckling analysis 

When the in-plane compression is small, the thin film remains

flat. Once the in-plane compression exceeds the critical compres-

sion, the thin film buckles with the out-of-plane displacement de-

noted by the sinusoidal function w = A cos ( kx ), where A is the wave

amplitude and k is the wavenumber. By following the previous

study ( Mei et al., 2011 ), when the in-plane displacement u and de-

flection w are small, the deformation of the thin film can be mod-

eled by the linear plate equations and the equilibrium condition of

the thin film reads as 

q = 

Ē f h 

3 
f 

12 

d 4 w 

d x 4 
− ε ̄E f h f 

d 2 w 

d x 2 
, τ = Ē f h f 

d 2 u 

d x 2 
, (1)

where q = q m 

cos ( kx ) and τ= τm 

sin ( kx ) are the normal and shear

stresses at the interface of thin film and bi-layer substrate. ε is the

nominal compressive strain in the thin film. Here, the interfacial

shear stress between the thin film and bi-layer substrate is taken

into account since it plays a significant role when the thickness

of the bi-layer substrate is small. The energy method is utilized

to establish the theoretical model to obtain the critical buckling

wavelength and amplitude. The total energy of the buckled system
onsists of the bending energy and membrane energy of the thin

lm, and the elastic energy of the bi-layer substrate. The bending

nergy U b and membrane energy U m 

of the film per unit length

an be derived as ( Jiang et al., 2007 ) 

 b = 

Ē f h 

3 
f 

3 

A 

2 π4 

λ4 
, U m 

= 

Ē f h f 

2 

(
A 

2 π2 

λ2 
+ ε a 

)2 

, (2)

here λ= 2 π/k is the buckling wavelength and Ē f = E f / ( 1 − ν2 
f 
) is

he plane-strain modulus of the stiff thin film. The substrate can be

onsidered as an elastic bi-layer subjected to a prescribed normal

nd shear stresses at the top surface ( z = −H t ). The elastic energy

f the bi-layer substrate per unit length can be expressed as 

 s = 

1 

λ

∫ λ

0 

1 

2 

(
σ ( t ) 

z w 

( t ) 
)∣∣

z= −H t 
d x + 

1 

λ

∫ λ

0 

1 

2 

(
τ ( t ) 

zx u 

( t ) 
)∣∣

z= −H t 
d x. (3)

ere, σ (t) 
z and τ (t) 

zx , u (t) and w 

(t) are the normal and shear stresses,

isplacements, respectively, at the top substrate, which will be ob-

ained by solving the plane-strain problem of the elastic bi-layer

ubstrate. The governing equation for each substrate can be writ-

en in terms of the Airy stress function F as 

 

2 ∇ 

2 F = 0 , (4)

here ∇ 

2 = ∂ 2 / ∂x 2 + ∂ 2 / ∂z 2 is the two-dimensional Laplacian op-

rator. The Airy stress function F is related to the stresses by 

x = 

∂ 2 F 

∂ z 2 
, σz = 

∂ 2 F 

∂ x 2 
, τxz = − ∂ 2 F 

∂ x∂ z 
. (5)

To exclude both global buckling and rigid-body motions, the

oundary conditions for the elastic bi-layer with the bottom fixed

an be specified as ( Xie et al., 2014 ) 

w 

( t ) = w m 

cos ( kx ) , u 

( t ) = u m 

sin ( kx ) at z = 0 

σ ( t ) 
z = −q m 

cos ( kx ) , τ ( t ) 
zx = τm 

sin ( kx ) at z = −H t 
, (6)

nd 

w 

( b ) = w m 

cos ( kx ) , u 

( b ) = u m 

sin ( kx ) at z = 0 

w 

( b ) = 0 , u 

( b ) = 0 at z = H b 

, (7)

ith the superscripts ( t ) and ( b ) representing the top and bottom

ubstrates, respectively. u m 

, w m 

, q m 

and τm 

are constants, which

re to be determined by the interfacial continuity conditions.

or the sinusoidal buckling with the out-of-plane displacement

 = A cos ( kx ), the Airy function takes the form of F = F 0 ( z )cos ( kx ),

hich can be solved from Eq. (4) as 

 0 ( z ) = C 1 e 
kz + C 2 z e 

kz + C 3 e 
−kz + C 4 z e 

−kz , (8)

ith C 1 , C 2 , C 3 and C 4 as coefficients to be determined by bound-

ry conditions. 

The substitution of Eq. (8) into Eq. (5) yields the stresses as 

x ( x, z ) = k 
[
( C 1 k + 2 C 2 ) e 

kz + C 2 kz e kz + ( C 3 k − 2 C 4 ) e 
−kz 

+ C 4 kz e −kz 
]

cos ( kx ) , (9)

z ( x, z ) = −k 2 
[
C 1 e 

kz + C 2 z e 
kz + C 3 e 

−kz + C 4 z e 
−kz 

]
cos ( kx ) , (10)

nd 

xz ( x, z ) = k 
[
( C 1 k + C 2 ) e 

kz + C 2 kz e kz − ( C 3 k − C 4 ) e 
−kz 

−C 4 kz e −kz 
]

sin ( kx ) . (11)

According to the linear elastic constitutive model, the displace-

ents can be expressed as u = U ( z )sin ( kx ) and w = W ( z )cos ( kx )

ith U ( z ) and W ( z ) satisfying 

E 

( 1 + ν) 
U ( z ) = [ k C 1 + 2 ( 1 − ν) C 2 ] e 

kz + k C 2 z e 
kz 

+ [ k C 3 − 2 ( 1 − ν) C 4 ] e 
−kz + k C 4 z e 

−kz , (12)



C. Wang, S. Zhang and S. Nie et al. / International Journal of Solids and Structures 188–189 (2020) 133–140 135 

a

−

 

b  

e⎡
⎢⎣

 

t  

T  

u  

t{

w

c

c

c

 

i  

E

w

c

c

c

a

w

c

c

c

 

c  

s⎧⎨
⎩
w

c

c

 

z

w

u

w

γ

 

t

 

i

c  
nd 

E 

( 1 + ν) 
W ( z ) = [ k C 1 + ( 2 ν − 1 ) C 2 ] e 

kz + k C 2 z e 
kz 

− [ k C 3 − ( 2 ν − 1 ) C 4 ] e 
−kz − k C 4 z e 

−kz . (13) 

For the top substrate layer, substituting Eqs. (10) –(13) into the

oundary condition in Eq. (6) gives the following linear algebraic

quations 
 

 

 

k 2 e −k H t −k 2 H t e 
−k H t k 2 e k H t −k 2 H t e 

k H t 

k 2 e −k H t k e −k H t ( 1 − k H t ) −k 2 e k H t k e k H t ( 1 + k H t ) 
k 2(1 − v t ) k −2(1 − v t ) 
−k 1 − 2 v t k 1 − 2 v t 

⎤ 

⎥ ⎦ 

⎧ ⎪ ⎨ 

⎪ ⎩ 

C 1 
C 2 
C 3 
C 4 

⎫ ⎪ ⎬ 

⎪ ⎭ 

= 

⎧ ⎪ ⎨ 

⎪ ⎩ 

q m 

τm 

E t 
1+ νt 

u m 

E t 
1+ νt 

w m 

⎫ ⎪ ⎬ 

⎪ ⎭ 

. (14) 

The coefficients C 1 , C 2 , C 3 and C 4 can be obtained in terms of

he four unknown constants u m 

, w m 

, q m 

and τm 

by solving Eq. (14) .

hus, the normal and shear stresses at the interface of z = 0, to be

sed to determine the unknown constants u m 

, w m 

, q m 

and τm 

via

he interfacial continuity conditions, can be obtained as 

σ ( t ) 
z 

∣∣
z=0 

= [ k ( c 11 u m 

+ c 12 w m 

) + c 13 q m 

+ c 14 τm 

] cos ( kx ) 

τ ( t ) 
zx 

∣∣
z=0 

= [ k ( c 21 u m 

+ c 22 w m 

) + c 23 q m 

+ c 24 τm 

] sin ( kx ) 
, (15) 

ith ξ = kH t and 

c 11 = − ( 1 − 2 v t )[ cosh ( 2 ξ ) − 1 ] + 2 ξ 2 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 

E t 

1 + νt 
, 

c 12 = 

2( 1 − v t )[ sinh ( 2 ξ ) − 2 ξ ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 

E t 

1 + νt 
, 

c 13 = − 4( 1 − νt )[ ξ sinh (ξ ) + 2( 1 − νt ) cosh ( ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 
, 

c 14 = − 4( 1 − νt )[ ξ cosh (ξ ) + ( 1 − 2 νt ) sinh ( ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 

c 21 = 

2( 1 − v t )[ sinh ( 2 ξ ) + 2 ξ ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 

E t 

1 + νt 
, 

 22 = c 11 , 

 23 = − 4( 1 − νt )[ ξ cosh (ξ ) − ( 1 − 2 νt ) sinh (ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 
, 

 24 = − 4( 1 − νt )[ ξ sinh (ξ ) − 2( 1 − νt ) cosh (ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 
. 

The displacements at the top of the substrate ( z = −H t ), which

s useful to calculate the elastic energy of the bi-layer substrate in

q. (3) , can be obtained as 

u 

( t ) 
∣∣

z= −H t 
= 

(
c 31 u m 

+ c 32 w m 

+ 

1 

k 
c 33 q m 

+ 

1 

k 
c 34 τm 

)
sin ( kx ) , (16) 

ith 

c 31 = − 4( 1 − νt )[ ξ sinh (ξ ) − 2( 1 − νt ) cosh (ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 
, 

 32 = − 4( 1 − νt )[ ξ cosh (ξ ) + ( 1 − 2 νt ) sinh (ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 
, 

 33 = − ( 3 − 10 v t + 8 v 2 t )[ cosh ( 2 ξ ) − 1 ] − 2 ξ 2 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 

1 + v t 
E t 

, 

 34 = − 2( 1 − v t )[ 2 ξ + ( 3 − 4 v t ) sinh ( 2 ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 − 12 v t + 5 ) 

1 + v t 
E t 

, 

t 
nd 

w 

( t ) 
∣∣

z= −H t 
= 

(
c 41 u m 

+ c 42 w m 

+ 

1 

k 
c 43 q m 

+ 

1 

k 
c 44 τm 

)
cos ( kx ) , (17) 

ith 

c 41 = 

4( 1 − νt )[ ξ cosh (ξ ) − ( 1 − 2 νt ) sinh (ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 
, 

 42 = 

4( 1 − νt )[ ξ sinh (ξ ) + 2( 1 − νt ) cosh (ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 
, 

 43 = − 2( 1 − v t )[ 2 ξ − ( 3 − 4 v t ) sinh ( 2 ξ ) ] 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 

1 + v t 
E t 

, 

 44 = 

( 3 − 10 v t + 8 v 2 t )[ cosh ( 2 ξ ) − 1 ] − 2 ξ 2 

( 3 − 4 v t ) cosh ( 2 ξ ) + 2 ξ 2 + ( 8 v 2 t − 12 v t + 5 ) 

1 + v t 
E t 

. 

For the bottom substrate layer, we can follow the similar pro-

edure for the top substrate layer to obtain the normal and shear

tresses at the interface of z = 0 as 
 

 

 

σ ( b ) 
z 

∣∣∣
z=0 

= ( c 51 u m 

+ c 52 w m 

) k cos ( kx ) 

τ ( b ) 
zx 

∣∣∣
z=0 

= ( c 61 u m 

+ c 62 w m 

) k sin ( kx ) 
, (18) 

ith η = kH b and 

c 51 = − ( 8 v 2 
b 

− 10 v b + 3 ) cosh ( 2 η) − ( 2 η2 + 8 v 2 
b 

− 10 v b + 3 ) 

( 3 − 4 v b ) 
2 

cosh ( 2 η) − 2 η2 − ( 3 − 4 v b ) 
2 

E b 
1 + νb 

, 

 52 = − 2( 1 − νb )[ ( 3 − 4 v b ) sinh ( 2 η) + 2 η] 

( 3 − 4 v b ) 
2 

cosh ( 2 η) − 2 η2 − ( 3 − 4 v b ) 
2 

E b 
1 + νb 

, 

c 61 = − 2( 1 − νb )[ ( 3 − 4 v b ) sinh ( 2 η) − 2 η] 

( 3 − 4 v b ) 
2 

cosh ( 2 η) − 2 η2 − ( 3 − 4 v b ) 
2 

E b 
1 + νb 

, 

 62 = − ( 8 v 2 
b 

− 10 v b + 3 ) cosh ( 2 η) − ( 2 η2 + 8 v 2 
b 

− 10 v b + 3 ) 

( 3 − 4 v b ) 
2 

cosh ( 2 η) − 2 η2 − ( 3 − 4 v b ) 
2 

E b 
1 + νb 

. 

At the interface between the top and bottom substrates, i.e.

 = 0, the continuity conditions require 

σ ( t ) 
z 

∣∣
z=0 

= σ ( b ) 
z 

∣∣∣
z=0 

, τ ( t ) 
zx 

∣∣
z=0 

= τ ( b ) 
zx 

∣∣∣
z=0 

, (19) 

hich yields 

 m 

= 

1 

k 
( γ11 q m 

+ γ12 τm 

) , w m 

= 

1 

k 
( γ21 q m 

+ γ22 τm 

) , (20) 

ith 

γ11 = 

c 13 ( c 62 − c 22 ) − c 23 ( c 52 − c 12 ) 

( c 51 − c 11 )( c 62 − c 22 ) − ( c 52 − c 12 )( c 61 − c 21 ) 
, 

γ12 = 

c 14 ( c 62 − c 22 ) − c 24 ( c 52 − c 12 ) 

( c 51 − c 11 )( c 62 − c 22 ) − ( c 52 − c 12 )( c 61 − c 21 ) 
, 

γ21 = 

c 23 ( c 51 − c 11 ) − c 13 ( c 61 − c 21 ) 

( c 51 − c 11 )( c 62 − c 22 ) − ( c 52 − c 12 )( c 61 − c 21 ) 
, 

22 = 

c 24 ( c 51 − c 11 ) − c 14 ( c 61 − c 21 ) 

( c 51 − c 11 )( c 62 − c 22 ) − ( c 52 − c 12 )( c 61 − c 21 ) 
. 

Inserting Eqs. (16) and (17) into Eq. (1) yields the relation be-

ween q m 

and τm 

, namely 

( c 31 γ11 + c 32 γ21 + c 33 ) q m 

+ 

(
1 

Ē f k h f 

+ c 31 γ12 + c 32 γ22 + c 34 

)
τm 

= 0 . (21) 

At the interface between the thin film and bi-layer substrate,

.e. z = −H t , the continuity of deflection gives 

 41 u m 

+ c 42 w m 

+ 

1 

c 43 q m 

+ 

1 

c 44 τm 

= A. (22)

k k 
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By combining Eqs. (20) –(22) , we can obtain the normal and

shear stresses, displacement at the top of the bi-layer substrate in

terms of the buckling amplitude A as, 

σ ( t ) 
z 

∣∣
z= −H t 

= χAk cos ( kx ) , τ ( t ) 
zx 

∣∣
z= −H t 

= χζAk sin ( kx ) , 

u 

( t ) 
∣∣

z= −H t 
= χ( γ11 + ζγ12 ) A sin ( kx ) . (23)

with 

χ = [ c 41 γ11 + c 42 γ21 + c 43 + ζ (c 41 γ12 + c 42 γ22 + c 44 )] −1 , 

ζ = −( c 31 γ11 + c 32 γ21 + c 33 ) 

(
1 

Ē f k h f 

+ c 31 γ12 + c 32 γ22 + c 34 

)−1 

. 

Inserting Eq. (23) into Eq. (3) yields the strain energy per unit

length in the substrate as 

 s = Ē t g c 
πA 

2 

2 λ
, (24)

with g c = 

χ

Ē t 
[ 1 + χζ ( γ11 + ζγ12 ) ] . 

The minimization of the total energy U total = U b + U m 

+ U s with

respect to the buckling wavelength λ and amplitude A gives 

λc = 2 πh f 

[
Ē f 

6 ( α + 1 ) g c ̄E t 

] 1 
3 

, A = h f 

√ 

1 

3 

α + 3 

α + 1 

(
ε a 
ε c 

− 1 

)
, (25)

where εc is the critical buckling strain given by 

ε c = 

1 

12 

α + 3 

α + 1 

[
6 ( 1 + α) g c ̄E t 

Ē f 

] 2 
3 

, (26)

and α = λ 1 
g c 

d g c 
d λ

is a non-dimensional factor. It is observed that the

buckling wavelength is independent of the in-plane compression,

which is consistent for the buckling analysis of a stiff thin film on a

homogeneous compliant substrate ( Huang et al., 2005 ; Jiang et al.,

20 07 ; Song et al., 20 08 ). This compression-independent buckling

wavelength is also called the critical buckling wavelength and is

written as λc . It should be also noted that the above analytical ex-

pressions can degenerate to previous solutions for a stiff thin film

buckled on a semi-infinite single-layer ( Huang et al., 2005 ) or bi-

layer substrate of infinite thickness ( Jia et al., 2012 ), which will be

further discussed in the section of results and discussion. 

2.2. Finite-deformation buckling analysis 

The results in Section 2.1 are only good for a relatively small in-

plane compression εa since they are obtained under the assump-

tion of small deformation. The predicted compression-independent

wavelength in Eq. (25) is not valid anymore for a relatively large

in-plane compression εa . To obtain the buckled configuration un-

der a relatively large compression, a finite-deformation theory is

critically needed. Cheng and Song (2014) showed that finite geom-

etry change dominates in the finite-deformation theory for buck-

ling of a stiff thin film on a compliant substrate while the in-

fluences of finite strain and nonlinear constitutive relationship of

the substrate are negligible. It is reasonable to adopt the above

conclusion for the buckling analysis of a stiff thin film on a bi-

layer compliant substrate considering the similarity between the

two systems. In this section, a simple theoretical model is estab-

lished to predict the buckling configuration of the stiff thin film

on a bi-layer compliant substrate at various applied in-plane com-

pression εa by accounting for finite geometry change via the en-

ergy method. 

The bending energy U b and membrane energy U m 

of the film

per unit length become ( Cheng and Song, 2014 ) 

U b = 

Ē f h 

3 
f 

3 ( 1 + ε a ) 
4 

A 

2 π4 

λ4 
, 
t  
 m 

= 

Ē f h f 

2 

(
A 

2 π2 

λ2 ( 1 + ε a ) 
2 

− ε a 
1 + ε a 

)2 

. (27)

The elastic energy of the bi-layer substrate becomes 

 s = 

Ē t g c 

1 + ε a 

πA 

2 

2 λ
. (28)

Thus, the buckled configuration can be determined by minimiz-

ng the total energy with respect to the wavelength and amplitude

s 

c = 

2 πh f 

1 + ε a 

(
Ē f 

6 ( α + 1 ) g c ̄E t 

) 1 
3 

, A = h f 

√ 

1 

3 

α + 3 

α + 1 

(
ε a 

( 1 + ε a ) ε c 
− 1 

)
, 

(29)

hich indicates that the buckling wavelength decreases with the

ncrease of the applied compression. 

. Finite element analysis 

A plane-strain finite element model is established to study the

onlinear buckling behavior of a stiff thin film on a bi-layer com-

liant substrate in ABAQUS and to validate the theoretical model.

he plane-strain element (CPE4) and beam element (B21) are se-

ected to discretize the substrate and film, respectively and the lin-

ar elastic constitutive relation is used to model both the stiff thin

lm and the bi-layer substrate. The length of the model is large

nough (more than 20 times the buckling wavelength) to elimi-

ate the influences of the left and right end boundaries. The in-

lane compression is directly applied to the system through the

isplacements on the left and right ends, which is the same as

he analytical modeling. The large differences in elastic modulus

nd thickness of the film and substrate require a fine mesh near

he film/substrate interface to ensure the convergence of finite el-

ment analysis. The element size near the film/substrate interface

s set as about 1/5 film thickness and it increases as the distance

o the interface increases. 

The Buckling function in ABAQUS is used to obtain the criti-

al buckling wavelength and strain (i.e., the first eigenmode and

ts associated eigenvalue) for the stiff thin film on a bi-layer com-

liant substrate. To trigger the buckling of the film/substrate sys-

em, the first eigenmode is selected as the tiny geometric imper-

ection (smaller than 0.1% of film thickness) in the postbuckling

nalysis. The dependence of buckling configuration on the in-plane

ompression is then obtained by the Static function in ABAQUS. 

. Experiments 

To validate the theoretical model for buckling of a stiff thin film

n a bi-layer compliant substrate, we also carried out experiments

y selecting silicon nanoribbon as the film and polydimethylsilox-

ne (PDMS) as the substrate to fabricate the film/substrate sys-

em. The fabrication of the bottom (or top) PDMS substrate begins

ith the mixing of pre-polymer and cross-linker at the weight ra-

io of 10:1 (or 20:1) followed by the spin-coating on a glass slide

nd the curing at the temperature of 100 °C for one hour. The

esulting bottom and top PDMS substrates have the elastic mod-

li of 1.54 MPa and 0.42 MPa measured by the Dynamic Mechan-

cal Analyzer (TA Instruments, DMA Q800), respectively, at a 2%

train per minute. The PDMS thickness is determined by the spin-

oating speed. For the top PDMS substrate, the spinning speeds of

50 0 rpm and 40 0 0 rpm yield the thicknesses of 30 μm and 14 μm,

espectively. For the bottom PDMS substrate, mold casting method

s used to give a thickness of 20 0 0 μm. The top and bottom PDMS

ubstrates experience an oxygen plasma surface treatment before

hey are chemically bonded. After the bi-layer PDMS substrate is
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Fig. 2. The non-dimensional buckling wavelength (a) and critical strain (b) as functions of the non-dimensional thickness of the bottom substrate under various thicknesses 

of the top substrate for E b / E t = 5 . The non-dimensional buckling wavelength (c) and critical strain (d) as functions of the non-dimensional thickness of the bottom substrate 

under various substrate modulus ratios for H t /h f = 40 . Here ν f = 0.27, νt = νb = 0.48 and E f / E t = 40 0 0 0 0 . 
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n  
abricated, the silicon nanoribbon of 180 nm thickness harvested

rom a SOI wafer is transfer printed onto the pre-stretched bi-layer

DMS substrate slabs with the in-plane size of 20 mm × 10 mm.

pon releasing the pre-strain of the bi-layer substrate at a 5%

train per minute, the silicon nanoribbon buckles to form the si-

usoidal wave with the wavelength and amplitude measured by

 step profilometer (Bruker DektakXT, GER). Although the experi-

ental setting is different from the modeling, where the pre-strain

f the substrate is applied and released in experiments while the

irect compression to the whole system is applied in modeling, it

s reasonable since the difference is negligible under either apply-

ng the pre-strain of the substrate or the direct compression of the

ystem for the large stiffness ratio of the stiff thin film and the soft

ubstrate larger than 100 ( Holland et al., 2017 ). 

. Results and discussion 

By a dimensional consideration, the critical buckling strain εc in

q. (26) can be written as 

 c = ε c 

(
E f 

E t 
, 

E b 
E t 

, 
H t 

h f 

, 
H b 

h f 

, ν f , νt , νb 

)
, (30) 

hich clearly indicates that the critical buckling strain depends

n seven non-dimensional parameters, i.e., the ratio of the elas-

ic modulus ( E f / E t and E b / E t ), the ratio of the thickness ( H t / h f and

 b / h f ), and the Poisson’s ratio ( ν f , νt and νb ). Similarly, the normal-

zed critical buckling wavelength λ̄c = λc /h f also depends on seven
on-dimensional parameters, i.e., 

¯
c = 2 π

(
Ē f 

6 ( α + 1 ) g c ̄E t 

) 1 
3 

= λ̄c 

(
E f 

E t 
, 

E b 
E t 

, 
H t 

h f 

, 
H b 

h f 

, ν f , νt , νb 

)
. (31) 

To clearly show the influence of finite thickness of bi-layer sub-

trate on the buckling behavior of the stiff thin film on the bi-

ayer compliant substrate, the Poisson’s ratios are set as ν f = 0.27

or the silicon film and νt = νb = 0.48 for the PDMS substrate. Fig. 2 a

nd 2 b show the non-dimensional buckling wavelength and crit-

cal buckling strain as functions of the non-dimensional thickness

f the bottom substrate under various non-dimensional thicknesses

f the top substrate. The modulus ratios are set as E f / E t = 40 0 0 0 0

nd E b / E t = 5 . It’s observed that the non-dimensional thicknesses

f H t / h f and H b / h f have significant influences on both the buck-

ing wavelength and critical strain. For H t / h f within the range from

0 to 400, a thicker top substrate leads to a larger buckling wave-

ength but a smaller critical strain. When the top substrate is thick

over a few hundred times the film thickness), both the buckling

avelength and the critical buckling strain are independent of the

hickness of the bottom substrate. This is because the bi-layer sub-

trate will degenerate to a single-layer substrate and the critical

uckling condition is completely determined by the elastic proper-

ies of the film and top substrate. When the top substrate is thin,

he buckling wavelength remains unchanged with the increase of

he bottom substrate thickness for a thin (about the film thick-

ess) bottom substrate, then experiences a slight increase ( ∼ 10%)

or an intermediate thick bottom substrate, and finally reaches a

teady value for a thick (over one hundred times the film thick-

ess) bottom substrate. The critical buckling strain has a similar
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Fig. 3. The non-dimensional buckling wavelength (a) and critical strain (b) as functions of the non-dimensional thickness of the top substrate, under various thicknesses of 

the bottom substrate for E b / E t = 5 . The non-dimensional buckling wavelength (c) and critical strain (d) as functions of the non-dimensional thickness of the top substrate 

under various substrate modulus ratios for H b /h f = 40 . Here ν f = 0.27, νt = νb = 0.48 and E f / E t = 40 0 0 0 0 . 
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trend except a slight decrease for an intermediate thick bottom

substrate. In order to validate the theoretical predictions, the re-

sults denoted by the solid dot from finite element analysis are

also shown in Fig. 2 a and Fig. 2 b. The good agreement between

finite element analysis and theoretical predictions (even for the

extremely thin bi-layer substrate) validates the theoretical model

(small-deformation). 

The influences of substrate modulus ratio E b / E t on the buckling

wavelength and the critical strain are studied under E f / E t = 40 0 0 0 0

and H t /h f = 40 as shown in Fig. 2 c and 2 d. As we can see, the

elastic modulus ratio E b / E t has a significant effect on the buckling

behavior of the system. The increase of E b / E t can rapidly decrease

the buckling wavelength or increase the critical buckling strain. As

expected, the effect of E b / E t will vanish when the bottom substrate

thickness is very thin. As the bottom substrate thickness increases,

the buckling wavelength firstly increases while the critical buck-

ling strain firstly decreases and then both reach steady values once

the bottom substrate thickness is over one hundred times the film

thickness. This can be easily understood since the influence of the

bottom substrate thickness vanishes for a thick bottom substrate. 

To investigate the effect of finite thickness of the top substrate,

we plot the non-dimensional buckling wavelength and the criti-

cal buckling strain as functions of the non-dimensional thickness

of the top substrate under various non-dimensional thicknesses of

the bottom substrate in Fig. 3 a and 3 b. The modulus ratios are

set as E f / E t = 40 0 0 0 0 and E b / E t = 5 . It is shown again that both the

buckling wavelength and critical buckling strain are independent

of the bottom substrate thickness when the top substrate thick-

ness is over a few hundred times the film thickness. The effects

of the top substrate thickness are negligible for either very thin
 ∼ one time the film thickness) or very thick (a few hundred times

he film thickness) top substrate. While for an intermediate thick

op substrate, the increase of the top substrate thickness increases

he buckling wavelength and decreases the critical buckling strain

ignificantly. Particularly, when the bottom substrate is very thick

 H b / h f = 10 0 0 0 ), the present solution can degenerate to the model

eveloped by Jia et al. (2012) , for a stiff thin film buckled on a bi-

ayer substrate of infinite thickness. 

The effects of substrate modulus ratio E b / E t on the buck-

ing wavelength and the critical strain under E f / E t = 40 0 0 0 0 and

 b / h f = 40 are shown in Fig. 3 c and 3 d. The increase of E b / E t de-

reases the buckling wavelength and increases the critical buckling

train. This effect vanishes when the top substrate thickness is very

arge (over one hundred times film thickness) due to the complete

eparation of the film buckling from the bottom substrate. When

he top substrate is very thin (about one time film thickness), the

ffect of the top substrate is negligible and the results degenerate

o the model of a stiff thin film on a single-layer compliant sub-

trate of finite thickness ( Huang et al., 2005 ). The slight difference

etween the two analytical results lies in the assumption in the

heoretical model developed by Huang et al. (2005) , e.g., no shear

t the film/substrate interface. 

Fig. 4 shows the buckling configuration of the silicon nanorib-

on on the bi-layer compliant PDMS substrate at various applied

trains. The bottom PDMS substrate is 20 0 0 μm. Two thicknesses

f the top PDMS substrate including 14 μm and 30 μm are con-

idered. The optical and SEM images in Fig. 4 a and the measured

urface profile in Fig. 4 b of the buckled silicon nanoribbon show

 well-defined, periodic buckling pattern with the out-of-plane

isplacement in a form of sinusoidal function, which validates
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Fig. 4. The buckling configuration of the silicon nanoribbon on the bi-layer compliant PDMS substrate under various applied strains. (a) Optical microscope image (OM) and 

scanning electron microscope image (SEM), and (b) the measured and fitted sinusoidal profile of the buckled silicon nanoribbons on the bi-layer compliant PDMS substrate 

for the thickness of the top substrate of 30 μm. (c) The buckling wavelength and (d) amplitude as functions of the applied strain under various top substrate thicknesses of 

14 μm and 30 μm with the material and geometry parameters E f = 130 GPa, ν f = 0.27, h f = 180 nm, E t = 0.4237 MPa, ν f = 0.48, E b = 1.5247 MPa, νb = 0.48, H b = 20 0 0 μm. 
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he theoretical assumption in Section 2 . The comparison of the

avelength and amplitude from the theoretical prediction (finite-

eformation), finite element analysis and experimental measure-

ent shows a good agreement among each other as shown in

ig. 4 c and 4 d, which indicates the developed finite-deformation

heory works well to predict the morphology evolution of a stiff

hin film on a bi-layer substrate of finite thickness. 

. Conclusions 

A theoretical model, validated by finite element analysis and

xperiment, is established for the buckling of a stiff thin film

n a bi-layer compliant substrate of finite thickness. Both small-

eformation buckling analysis and finite-deformation buckling

nalysis accounting for finite geometry change are performed. The

nfluences of finite thickness of the bi-layer substrate and the sub-

trate modulus ratio on the buckling wavelength and critical buck-

ing strain are systematically investigated. It is shown that the

i-layer substrate can degenerate to a single layer substrate for

ery thin or very thick top substrate. The quantitative agreement

f buckling behavior among the theoretical prediction, finite ele-

ent analysis and experimental measurement validates the theo-

etical model. These results are helpful to understand surface buck-

ing of the stiff thin film on the bilayer substrate and are of im-

ortance to provide design guidelines for stretchable electronics,

icro- and nano-metrology, and surface engineering involving the

i-layer substrate-supported thin film buckling. 
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