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In this paper, three-dimensional exact solutions of adhesive contact between a pre-deformed compress-
ible soft electroactive half-space and an axisymmetric rigid indenter are presented. The change of surface
adhesion energy during the contact is examined by using the modified JKR model, which accounts for the
real contact area instead of the projected area. With the help of new results in the potential theory
method, all physical (field) variables are derived in terms of elementary functions for three common
types of axisymmetric indenters (flat-ended, conical, and spherical). The analytical contact relations for
different indenter geometries and material properties are provided and summarized in Tables 2 and 3
to serve a solid base for revealing the underlying electromechanical mechanism of soft electroactive
materials. For numerical illustration, neo-Hookean isotropic electroactive material is considered. The
simulation results clearly demonstrate that both the mechanical and electric biasing fields significantly
affect the indentation measurement of the electroactive material. Moreover, at either micro- or nano-
scale, adhesion plays a prominent role in the indentation responses. It is of interest that, even without
adhesion, the normal stress somewhere in the contact region may become tensile under a prescribed
pre-stretch when the biasing electric displacement exceeds a certain value. This abnormal phenomenon
actually corresponds to surface instability of the half-space under the biasing field. In the case of adhesive
contact, other than the surface instability, the value of surface adhesion energy between the probe and
the sample will impose a constraint on the validity of indentation analysis within the linear elastic
regime.

� 2020 Published by Elsevier Ltd.
1. Introduction

Since the early 1990s, soft electroactive (SEA) materials, mostly
also referred to as dielectric elastomers (DEs) that can fast induce
large deformation when subjected to an electric field, have
emerged as an inspiring subject for their remarkable muscle-like
capability (Bauer et al., 2014; Mirfakhrai et al., 2007; Mirvakili
and Hunter, 2018; Suo, 2010; Zhang et al., 2002). Following the
pioneering works of Pelrine et al. (1998), Pelrine et al. (2000), much
effort has been devoted to the fabrication of optimized SEA mate-
rials and design of SEA-based devices (Bar-Cohen, 2004; Brochu
and Pei, 2010; Carpi et al., 2008a; Mirvakili and Hunter, 2018;
O’Halloran et al., 2008; Shankar et al., 2007; Trivedi et al., 2008).
In these applications, the intricate electromechanical coupling
effect and the strong nonlinearity due to large deformation in
SEA materials usually lead to more complicated nonlinear
responses than those of the pure elastic ones. To address the extra
complexity from these two features, we may adopt the general
nonlinear continuum theory of electroelasticity, which was first
proposed by Toupin (1956) more than sixty years ago and has been
given new impetus thanks to the explosive applications of SEA
materials in the last two decades (Dorfmann and Ogden, 2010a,
2014; Suo et al., 2008). So far, such theory has been successfully
implemented to solve various boundary-value problems of soft
dielectrics, including instability, vibration, wave propagation, etc.
(Dorfmann and Ogden, 2010b; Getz et al., 2017; Su et al., 2018;
Wu et al., 2017). However, many fundamental questions on the
behavior of SEA materials remain largely unanswered. In particu-
lar, more detailed and accurate microstructural information is still
required for the design of SEA devices.

Nanoindentation and scanning probe microscopy (SPM) have
been widely used to detect local material properties of membranes,
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Nomenclature

List of main symbols
d Indentation depth
a Radius of contact
b Half of the apex angle of a conical indenter
a1i Coefficients in displacement uz, see Appendix A.2
rz1 Incremental normal stress
c1i Coefficients in normal stress rz1, see Appendix A.2
rq1 Incremental shear stress

KC
1 Stress intensity factor for a conducting indenter, see Eq.

(A26)
KC
2 Electric displacement intensity factor, see Eq. (A26)

pC1 Total force on a conducting indenter, see Eq. (A44)

K I
1 Stress intensity factor for an insulating indenter, see

Eq. (A49)
pI1 Total force on an insulating indenter, see Eq. (A59)

pIad Pull-out force for an insulating flat-ended indenter, see
Eq. (10)

dIcr Displacement of an insulating flat-ended indenter when
pI1 ¼ pIad, see Fig. 3 (a) and Eq. (11)

a0 Radius of contact induced by adhesion, see Fig. 3 and
Eqs. (12)–(16)

gjk gjk ¼
P3

i¼1hijaki; j; k ¼ 1;2ð Þ, effective material param-
eters in incremental stresses and electric displacements,
see Appendix A.3

u0 Electric potential prescribed on a conducting indenter
g Surface adhesion energy per unit area
R Radius of a spherical indenter
a2i Coefficients in electric potential u, see Appendix A.2
rz2 Incremental electric displacement
c2i Coefficients in electric displacement rz2, see Appendix

A.2
-1i Coefficients in shear stress rq1, see Appendix A.2
v1 Core function in the solution of rz1 for a conducting

indenter
v2 Core function in the solution of rz2 for a conducting

indenter
pC2 Total charge on a conducting indenter, see Eq. (A44)
v0 Core function in the solution of rz1 for an insulating

indenter
A0 A0 ¼ g11g22 � g12g21, defined in Appendix A.3
pCad Pull-out force for a conducting flat-ended indenter, see

Eq. (10)
dCcr Displacement of a conducting flat-ended indenter when

pC1 ¼ pCad, see Fig. 3(a) and Eq. (11)
hij Coefficients in potential function wi, defined in Appen-

dix B.1
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biological materials, and other functional materials (Azzez et al.,
2018; Bonilla et al., 2015; Choi et al., 2003; Ebenstein and Pruitt,
2006; Kolluru et al., 2018; Liu et al., 2012; Osmani et al., 2017;
Racles et al., 2017; Saha and Nix, 2002; Zhang et al., 2014; Zhu
et al., 2018; Zisis et al., 2015). These two techniques are well
known for their high spatial resolution and easy manipulation. Fur-
thermore, they are mechanically or electrically sensitive, without
the need for large stimuli, and hence causing almost no damage
to samples. These characteristics are of great importance in the
characterization and test of SEA materials. It should be noted that
the linear contact theory provides a general theoretical and techni-
cal guidance for these two approaches, despite their differences in
technical details (Kalinin et al., 2007; Oliver and Pharr, 1992).

Ever since the original work initiated by Hertz (1881) for elas-
ticity, the studies on contact problems have been generalized to
piezoelectricity with electromechanical coupling. Giannakopoulos
and Suresh (1999) developed a general theory for the axisymmet-
ric indentation of piezoelectric materials by using Hankel trans-
form and derived the relation between the indentation force and
the depth of penetration. Chen and his co-workers (Chen, 2000;
Chen and Ding, 1999; Chen et al., 1999) presented a series of com-
plete and exact solutions for the normal contact between three
typical axisymmetric punches (flat-ended, conical, and spherical)
and a transversely isotropic piezoelectric half-space by using the
potential theory method originally proposed by Fabrikant (1989),
Fabrikant (1991). Their results were later verified by Kalinin and
his partners (Kalinin et al., 2004; Karapetian et al., 2005), who first
related the SPM responses to the three-dimensional (3D) analytical
expressions for the generalized Hertz contact model. Through their
persistent efforts, the importance of exact 3D contact solutions is
now widely understood for a more quantitative interpretation of
the SPM responses (Kalinin et al., 2007; Karapetian et al., 2009).
For example, these 3D solutions may serve as a theoretical founda-
tion for the reconstruction of 3D physical properties of the sample
with a single scan on its surface by the SPM probe. It causes almost
no damage to the sample when compared with a newly developed
conductive tomographic atomic force microscopy (Luria et al.,
2016). It should be noted that the SPM discussed here works under
207
contact mode, which should be clearly distinguished from that
working under non-contact mode (Li et al., 2015). The latter relies
on the dynamic resonance of the probe-sample system. The
detailed descriptions of these two modes can be found in the
two most recent papers of Pan et al. (2013) and Zhu et al. (2018).

It is well known that pre-stretching SEA materials may enhance
their electromechanical properties dramatically (Akbari et al.,
2013; Arora et al., 2007; Brochu and Pei, 2010; Carpi and De
Rossi, 2004; Kofod et al., 2003; Li et al., 2019; Linnebach et al.,
2019; Löwe et al., 2005; McKay et al., 2011; Rizzello et al., 2016;
Shian et al., 2013; Su et al., 2019; Suo, 2012). Contact analysis of
a finitely deformed elastomer was first conducted by Green et al.
(1952), who considered the typical problem of a pre-strained
incompressible isotropic semi-infinite region pressed by a smooth
punch based on the general theory of small elastic deformations
superposed on finite elastic deformations. Beatty and Usmani
(1975) extended the analysis to compressible isotropic materials
and a detailed discussion was presented on the relation between
indentation response and load. These earlier results have been
taken as benchmark solutions when the electromechanical cou-
pling is absent. For example, Zheng et al. (2017) recently used
the surface Green’s function to investigate the effect of pre-
stretch on the indentation response of elastomers. Their results
perfectly agree with Beatty and Usamni’s work when considering
an equi-biaxially stretched elastomer. However, they only focused
on the purely elastic problems so that their results are not applica-
ble to the electromechanical indentation analysis of SEA materials.
Moreover, they did not consider the effect of adhesion, which may
play a significant role in the contact responses of soft elastomers. It
should be noted that, there are basically two strategies to probe the
material properties of soft materials. One is to derive approximate
analytical contact relations directly based on the nonlinear contin-
uum theory (Dagro and Ramesh, 2019), but a corresponding non-
linear indentation technique is also required. In this paper,
following the strategy initiated by Green et al. (1952), we will
employ the full nonlinear continuum theory in the
pre-deformation state, but restrict the contact deformation to be
infinitesimally small. In this case, we can use a uniform



Fig. 1. The uniformly pre-deformed half-space and the Cartesian coordinates.
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pre-deformation (may be finite) to stiffen the soft material, and
then use the linear contact theory for probing the material proper-
ties for which all technique details are already there or can be read-
ily improved. In this regard, the latter strategy, though a little
counterintuitive, may be practically more feasible and economic.

Recently, Zhang et al. (2012) conducted an indentation analysis
of a compressible isotropic SEA half-space subjected to a uniform
finite deformation. It is the only theoretical work on contact prob-
lem concerning the concurrent effects of finite pre-deformation
and electromechanical coupling of SEA materials, to our best
knowledge. In their analysis, in addition to a uniform finite equi-
biaxial pre-stretch in the planes parallel to the free surface, a uni-
form electric displacement is further applied which is perpendicu-
lar to the plane surface. It is found that the governing equations of
the incremental fields are similar to those of a transversely isotro-
pic piezoelectric body. Thus, the potential theory developed by
Fabrikant (1989), Fabrikant (1991) for elasticity and its extension
in piezoelectricity (Chen, 2000, 2015; Chen and Ding, 1999,
2004; Chen et al., 1999) can easily be extended to deal with the
contact problem of an SEA half-space indented by three typical
axisymmetric indenters. The results in Zhang et al. (2012) are
mathematically beautiful and complete, but there is also no
account of the effect of adhesion, which however has frequently
proved to be indispensable in the tests of soft materials at nanos-
cale (Cao et al., 2005; Ebenstein and Pruitt, 2006; Gupta et al.,
2007; Schwarz, 2003; Zisis et al., 2011). Therefore, it becomes nec-
essary and also interesting to carry out adhesive contact analysis
for SEA materials.

There are three prevailing theories or models in adhesive con-
tact analysis, i.e. the JKR model (Johnson et al., 1971), the DMT
model (Derjaguin et al., 1975), and the MD model (Maugis,
1992). The core ideas of these theories have been successfully
transplanted into the indentation analysis of piezoelectric materi-
als (Chen, 2009; Chen and Yu, 2005; Yang, 2006). Thus, they may
be further utilized without essential mathematical difficulty to
account for the adhesion effect during the indentation of the above
mentioned uniformly deformed SEA half-space. In this paper, a
modified JKR model (Lu et al., 2011; Maugis, 2000) is employed
to study the effect of adhesion by taking into account the change
of surface adhesion energy during the contact. We obtain a series
of exact solutions for the 3D electroelastic field in the half-space.
Most interestingly, for a depth-fixed, non-adhesive indentation
test of the SEA half-space, we observe that, as the biasing electric
displacement reaches a critical value, the incremental normal
stress may vanish and even become tensile. We demonstrate that
this abnormal phenomenon is caused by the surface instability of
the elastomer, which is similar to that in the purely elastic case
studied by Beatty and Usmani (1975). Further, when considering
the role of adhesion on indentation responses, we find that, by tak-
ing spherical indentation as an example, the ratio of contact radius
to the radius of indenter increases with the increasing electric bias-
ing field, and the incremental normal strain induced by indention
can exceed the regime of small (infinitesimal) deformation before
the onset of surface instability. Hence, the indentation analysis
based on the linear elastic theory becomes invalid for SEA materi-
als prior to instability. That is, the indentation-induced linear (in-
cremental) deformation is limited by the geometry of the
indenter (e.g. the radius of a spherical indenter), indentation depth
as well as the magnitude of the surface adhesion energy. These
findings imply two essential rules for the depth-fixed indentation
test of SEA materials with surface adhesion: (1) Measurements
on a pre-stressed SEA sample may fail due to the surface instability
induced by the electric biasing field; (2) When the sample is sub-
jected to a sufficiently large electric biasing field but without loss
of stability, effective measurements can only be realized by prop-
erly reducing the surface adhesion energy and/or minishing the
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indentation depth without sacrificing the resolution of indentation
image (i.e. increasing the indenter size).

The paper is structured as follows. In Section 2, we give the
basic equations governing an SEA half-space subject to a uniform
equi-biaxial stretch and a unidirectional electric displacement. In
Section 3, the exact 3D adhesive contact solutions for three typical
axisymmetric indenters (flat-ended, conical, and spherical) are
presented in terms of elementary functions, with the main analyt-
ical results summarized in Tables 2 and 3. For illustration, numer-
ical examples are considered for a compressible neo-Hookean SEA
half-space in Section 4. The present exact solutions are validated
by comparing with the finite element (FE) simulations in the
degenerated case of an elastic half-space. For the surface instability
of the SEA half-space, a certain difference in the curves of critical
electric displacement versus pre-stretch is observed between the
electrically conducting surface conditions and the electrically insu-
lating ones. Moreover, we carefully discuss the validity of the
indentation analysis under the framework of linear elasticity for
the incremental deformation. Finally, the electroelastic field vari-
ables on the surface of the half-space under spherical and conical
indenters in adhesive and non-adhesive contact cases are given
and compared, which directly indicate the significant influences
of adhesion and electric biasing field. We summarize our conclu-
sions in the last section.
2. Governing equations of a uniformly pre-deformed SEA body

We consider the contact between a rigid indenter and a pre-
deformed SEA half-space, which is subject to a uniform equi-
biaxial stretch k1 in the x1 � x2 plane and a uniform stretch k3 in
the direction perpendicular to the surface x3 ¼ 0 as shown in
Fig. 1. The half-space is simultaneously under an electric displace-
ment vector D (in Euler form) with the non-zero component only
in the x3 direction. Dorfmann and Ogden (2010b) developed an
excellent general framework to describe the nonlinear electroelastic
response of SEA materials. The linearized equations governing the
infinitesimal incremental motion superimposed on a finitely
deformed SEA body were also established (Dorfmann and Ogden,
2010b). All the essential formulations are summarized in Appendix
A.1.

The pre-deformed state of the SEA half-space then can be
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described by

F ¼ diag k1; k1; k3ð Þ; b ¼ c ¼ diag k21; k
2
1; k

2
3

� �
; D ¼ 0;0;D3½ �T ð1Þ

where F is the deformation gradient tensor, and b and c are the left
and right Cauchy-Green tensors, respectively. For the incremental
field superimposed on the above pre-deformed state of an isotropic
SEA half-space, the following linear constitutive equations can be
obtained (Dorfmann and Ogden, 2010b)
_T011 ¼ c11
@u1
@x1

þ c12
@u2
@x2

þ c13
@u3
@x3

þ e31
@u
@x3

;

_T022 ¼ c12
@u1
@x1

þ c11
@u2
@x2

þ c13
@u3
@x3

þ e31
@u
@x3

;

_T033 ¼ c13
@u1
@x1

þ c13
@u2
@x2

þ c33
@u3
@x3

þ e33
@u
@x3

;

_T012 ¼ c69
@u1
@x2

þ c66
@u2
@x1

; _T031 ¼ c88
@u1
@x3

þ c58
@u3
@x1

þ e15
@u
@x1

;

_T021 ¼ c66
@u1
@x2

þ c69
@u2
@x1

; _T023 ¼ c58
@u2
@x3

þ c55
@u3
@x2

þ e15
@u
@x2

;

_T013 ¼ c58
@u1
@x3

þ c55
@u3
@x1

þ e15
@u
@x1

; _T032 ¼ c88
@u2
@x3

þ c58
@u3
@x2

þ e15
@u
@x2

;

ð2Þ
Fig. 2. An axisymmetric rigid indenter pressed into an elastic half-space.

Table 1
Shape parameters for three common indenters.

Quantity Flat-ended Conical Spherical

rn 0 dn1cotb dn2 2Rð Þ�1
_Dl01 ¼ e15
@u1
@x3

þ @u3
@x1

� �
� e11 @u

@x1
;

_Dl02 ¼ e15
@u2
@x3

þ @u3
@x2

� �
� e11 @u

@x2
;

_Dl03 ¼ e31
@u1
@x1

þ @u2
@x2

� �
þ e33

@u3
@x3

� e33 @u
@x3

;

ð3Þ

whereui are the components of the incremental displacement vector,
u is the electric potential, _T0ij are the components of the ‘‘push-

forward” incremental nominal stress tensor, and _Dl0i are the compo-
nents of the ‘‘push-forward” incremental Lagrangian electric dis-
placement vector. cij, eij, and eij are the effective elastic, piezoelectric
and dielectric constants, which depend on the pre-deformation. In
the current situation, these constants are functions of k1, k3 and D3.

The equilibrium equations for the incremental field are provided
in Eq. (A5), where the last equation is automatically satisfied by
noticing that the ‘‘push-forward” incremental Lagrangian electric
field vector is expressed as the negative gradient of the electric
potential (i.e. _El0 ¼ �gradu). According to Zhang et al. (2012), the
general solution to the governing equations in Eqs. (2), (3) and
(A5) for axisymmetric problems in cylindrical coordinates (q, h, z) is

uh ¼ 0; w1 � uz ¼
P3
i¼1

a1i
@wi
@zi

;

uq ¼P3
i¼1

@wi
@q ; w2 � u ¼P3

i¼1
a2i

@wi
@zi

;

ð4Þ

where wi ði ¼ 1; 2; 3Þ are quasi-harmonic functions satisfying
Eq. (A10), q is the radial coordinate, and zi ¼ siz ¼ six3, with si and
a2i all defined in Appendix A.2. The incremental stresses and electric
displacements can be obtained accordingly as

rz1 � _T0zz ¼
P3
i¼1

c1i
@2wi
@z2

i
; rq1 � _T0zq ¼P3

i¼1
-1i

@2wi
@q@zi

;

rz2 � _Dl0z ¼
P3
i¼1

c2i
@2wi
@z2

i
; rq2 � _T0qz ¼

P3
i¼1
-2i

@2wi
@q@zi

;

rz3 � _T0qq þ _T0hh ¼
P3
i¼1

c3i
@2wi
@z2

i
; rq3 � _Dl0q ¼P3

i¼1
-3i

@2wi
@q@zi

:

ð5Þ

where cij and -ij are also defined in Appendix A.2.
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3. Exact adhesive contact analysis

3.1. Indentation by a rigid punch

The adhesive contact of a pre-deformed compressible SEA half-
space with an axisymmetric rigid indenter is depicted in Fig. 2. The
shape of the indenter is assumed to be described by a general
power series

f qð Þ ¼
X1
n¼1

rnqn; ð6Þ

where rn ðn ¼ 1;2; :::Þ are the shape parameters. For the three com-
mon indenters (i.e. flat-ended, conical, and spherical), these param-
eters are explicitly listed in Table 1, where b and R are the half of the
apex angle of the cone and the radius of the spherical indenter,
respectively, and dnk is the Kronecker delta.

The contact is assumed to be perfectly frictionless. The mechan-
ical boundary conditions are therefore given as

0 6 q 6 a; uz ¼ d� f qð Þ;
q > a; rz1 ¼ 0;
q P 0; rq1 ¼ 0;

8><
>: ð7Þ

while the electrical boundary conditions are

0 6 q 6 a; u ¼ u0;

q > a; rz2 ¼ 0;

�
ð8Þ

for perfectly conducting indenters, and

q P 0; rz2 ¼ 0; ð9Þ

for perfectly insulating indenters. As indicated in Fig. 2, a and d are
the contact radius and indentation depth respectively.

We can utilize the generalized potential theory method (Chen,
2000; Chen and Ding, 1999; Chen et al., 1999) to solve the above
contact problem. A prominent feature is that we here apply the
modified JKR model to take account of the adhesive effect during
indentation. The full details of derivation are provided in Appen-
dices A.3 (for the conducting case) and A.4 (for the insulating case).



Table 2
Analytical contact relations for three axisymmetric conducting indenters.

Quantity Flat-ended Conical Spherical

v1 tð Þ g22d� g21u0ð Þ=A0 g22 d� ptcotb=2� g21u0=g22ð Þ=A0 g22 d� t2=R� g21u0=g22
� �

=A0

rz1 qð Þ g22d�g21u0

p2A0

ffiffiffiffiffiffiffiffiffiffiffi
a2�q2

p ffiffiffiffiffiffi
a=p

p
KC
1ffiffiffiffiffiffiffiffiffiffiffi

a2�q2
p þ g22cotbcosh

�1 a=qð Þ
2pA0

ffiffiffiffiffiffi
a=p

p
KC
1ffiffiffiffiffiffiffiffiffiffiffi

a2�q2
p þ 2

ffiffiffiffiffiffiffiffiffiffiffi
a2�q2

p
g�1
22 p

2RA0

pC1ða; dÞ 2a g21u0�g22dð Þ
pA0

2a u0g21�g22dð Þ
pA0

þ a2cotb
2g�1

22 A0

2a u0g21�g22dð Þ
pA0

þ 2a3g22
3pA0R

pC1ða;gÞ — au0
pg�1

21 A0
� g22a2cotb

2A0

�2a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg21u0
2pA0

Þ2 � 2aA�1
0 g22g

ð1þcot2bÞ�1=2

r au0
pg�1

21 A0
� 4g22a3

3pA0R

�2a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg21u0
2pA0

Þ2 � 2aA�1
0 g22g

ð1þa2=R2Þ�1=2

r
dða;pC1Þ pA0pC1

�2ag22
þ u0g21

g22

pA0pC1
�2ag22

þ u0g21
g22

þ pacotb
4

pA0pC1
�2ag22

þ u0g21
g22

þ a2
3R

dða;gÞ — g21u0
2g22

þ pacotb
2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2�8ap2A0g22g

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þcot2b

pp
2g22

g21u0
2g22

þ a2
R

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2�8ap2A0g22g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þa2=R2

pp
2g22

v2 tð Þ g11u0�g12d
A0

�g12
A0

d� ptcotb
2 � g11

g12
u0

� �
�g12
A0

d� t2
R � g11

g12
u0

� �
rz2 qð Þ g11u0�g12d

p2A0

ffiffiffiffiffiffiffiffiffiffiffi
a2�q2

p ffiffiffiffiffiffi
a=p

p
KC
2ffiffiffiffiffiffiffiffiffiffiffi

a2�q2
p þ� g12cotbcosh

�1 a=qð Þ
2pA0

ffiffiffiffiffiffi
a=p

p
KC
2ffiffiffiffiffiffiffiffiffiffiffi

a2�q2
p þ� 2

ffiffiffiffiffiffiffiffiffiffiffi
a2�q2

p
g�1
12 p

2RA0

pC2 a; dð Þ 2a g12d�g11u0ð Þ
pA0

2a g12d�g11u0ð Þ
pA0

� a2cotb
2g�1

12 A0

2a g12d�g11u0ð Þ
pA0

� 2a3R�1

3pg�1
12 A0

pC2 a;gð Þ — g12
2A0

a2cotb� 2g11g22�g12g21ð Þau0
pA0g22

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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3.2. Adhesive contact of three typical indenters

For three common circular rigid indenters (flat-ended, spherical
and conical), specific results can be obtained by substituting the cor-
respondingprofile functions intoEqs. (A28), (A38)–(A41), (A50), and
(A54)–(A56).Theseanalytical resultsaresummarized inTables2and
3forconductingandinsulatingindentersrespectively. It isnotedthat
whentheadhesiveeffect is removed, theresultsofZhangetal. (2012)
willberecovered. Inthetexttofollow,wewillusetheresults inTables
2 and 3 to discuss some particular indentation behaviors during the
adhesive contact between the three typical indenters and the pre-
deformed soft electroactive half-space.

3.2.1. Flat-ended circular punch
For a circular flat-ended punch, the contact relations shown in

the first column of Table 2 or 3 are adhesion-independent. The
effect of adherence force only emerges during the separation of
the probe-sample system as shown in Fig. 3(a). Following Maugis
(2000) but omitting details, we express the adherence force as
Table 3
Analytical contact relations for three axisymmetric insulating indenters.

Quantity Flat-ended Conical
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Fig. 3. The adherence of three common axisymmetric i

210
pI
ad

�� �� ¼ 2a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2a
g11

g

s
;

pC
ad

�� �� ¼ a
A0p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2 � 8ap2A0g22g

q
� g21u0

	 

; ð10Þ

which are the minimal tensile forces (also called as pull-out forces)
to completely detach the punch from the surface of the sample at
the respective critical displacements

dI
cr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ap2g11g
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: ð11Þ
3.2.2. Conical punch
For a conical punch as shown in Fig. 3(b), according to

Eqs. (A45) and (A60), we get the radius of contact induced by adhe-
sion as
Spherical

tcotb
2

�
1
g11

d� t2
R

� �
cotbcosh�1 a

qð Þ
2pg11

ffiffi
a
p

p
K I
1ffiffiffiffiffiffiffiffiffiffiffi

a2�q2
p þ 2

ffiffiffiffiffiffiffiffiffiffiffi
a2�q2

p
g11p2R

2cotb
2g11

� 2ad
pg11

þ 2a3R�1

3pg11

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2a

g11
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot2b

pq
�4a3
3pg11R

� 2a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2a

g11
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2=R2

qr
pacotb

4
pg11
�2a p

I
1 þ a2

3Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ag11g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot2b

pq
a2
R � p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ag11g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2=R2

qr

ndenters: (a) flat-ended; (b) conical; (c) spherical.
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a0 ¼ �32g11g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot2b

p
cot2b

; ð12Þ

for the insulating case, and

a0 ¼ �32A0g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot2b

p
g22cot

2b
þ 4g21u0

pg22cotb
; ð13Þ

for the conducting case.

3.2.3. Spherical punch
For a spherical punch as shown in Fig. 3(c), according to Eqs.

(A45) and (A60), we get the radius of contact induced by adhesion
as

a60 �
y20
R2 a

2
0 � y20 ¼ 0; ð14Þ

for the insulating case, and

a60 � 2y2a
4
0 þ y22 �

y21
R2

� �
a20 � y21 ¼ 0; ð15Þ

for the conducting case, where

y0 ¼ �9p2R2g11g
2

; y1 ¼ �9p2R2A0g
2g22

; y2 ¼ 3g21Ru0

2g22
: ð16Þ
4. Numerical results and discussion

The exact electroelastic fields in the half-space can be obtained
for specific indenters, and the explicit results are given in Appendix
C. For illustration, we present several numerical examples in this
section. We first check our theoretical solutions in Section 4.1
through comparison with FE simulations in the purely elastic case.
Section 4.2 considers the indentation response of a neo-Hookean
electroactive half-space by a flat-ended punch as well as its rela-
tion to surface instability of the half-space due to pre-
deformation when a particular phenomenon occurs. The mathe-
matical details of the stability analysis are however given in
Appendix D. Then we highlight the validity of the linear exact solu-
tions for the indentation test in Section 4.3 by taking spherical
indentation as an example. The influences of adhesion and the
modification of contact area on the indentation responses for
spherical and conical indenters are studied in Section 4.4. Note that
the traction-free condition is always assumed during all indenta-
tion analysis while the values of shape parameters of the indenters
are essentially chosen according to the common tip size of SPM
probes (Calabri et al., 2008; Li et al., 2008; Pan et al., 2013).

4.1. Verification of the exact solutions

We consider a degenerated model, i.e. the indentation of a com-
pressible neo-Hookean elastic half-space by a circular flat-ended
rigid indenter. The initial shear modulus and Poisson’s ratio are
set to be 1 MPa and 0.3, respectively. In this case, all the analytical
results keep unchanged except that the electric field and the elec-
tromechanical coupling should be discarded (Chen et al., 2010).
The commercial finite element software ABAQUS 2016 is employed
for the purpose of verification. The numerical model comprises of a
total of 11,907 four-node bilinear axisymmetric reduced integra-
tion elements and 12,037 nodes. A denser mesh is designed at or
near the contact region, as shown in Fig. 4(a). We set
k1 ¼ k2 ¼ 1:05 and k3 is determined from the traction-free surface
condition. Also, we denote the total load acting on the punch as p0,
which induces an indentation depth (d). Fig. 4(b) and (c) and 6 dis-
play the distributions of the vertical and radial displacements (nor-
malized by d) at different vertical positions (or depths, normalized
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by a, the radius of the punch), and the comparison between the
theoretical and numerical results indicates a good agreement,
which validates the present mathematical derivations.

4.2. Indentation response of a neo-Hookean electroactive half-space by
a flat-ended punch

Now, consider an electroactive half-space governed by the fol-
lowing neo-Hookean type of energy density function (Huang
et al., 2016)

X F;Dlð Þ ¼ l
2j

ðJ�2j � 1Þ þ l
2
ðI1 � 3Þ þ 1

Je0
f1I4 þ f2I5ð Þ; ð17Þ

where j ¼ m=ð1� 2mÞ, the constants l, m and e0 ¼ 8:854� 10�12F=m
are the initial shear modulus, Poisson’s ratio and dielectric permit-
tivity in vacuum, respectively, and f1 and f2 are two dimensionless
electromechanical coupling coefficients. For the special case of
f1 ¼ 0 and 2f2 ¼ e�1, this model reduces to that of the so-called
ideal dielectric elastomer (Zhao and Suo, 2007), where e is the rel-
ative permittivity of the material. We take l ¼ 1:5 MPa in the fol-
lowing calculations if necessary. Also, a dimensionless measure of
D3 is introduced as d ¼ D3=

ffiffiffiffiffiffiffiffile0
p

.
First of all, we consider a perfectly conducting and grounded

(u0 ¼ 0) circular flat-ended punch indenting an equi-biaxially
pre-stretched SEA half-space with m ¼ 0:3 and e ¼ 1. As in the last
subsection, we have k1 ¼ k2 ¼ k (but its value can be varied) and
k3 ¼ v is determined according to the traction-free surface condi-
tion. Recall that the surface adhesion energy does not play a role
during the indentation by a flat-ended punch. Fig. 5 displays the
variation of the incremental normal stress (rz1) at the center of
the contact region with the biasing electric displacement (d) for
varying pre-stretches (k = 0.55, 1, 1.45 and 1.9). Here the contact
radius and indentation depth are fixed as 25 nm and 0.1 nm,
respectively. For k ¼ 0:55 and d ¼ 0, the problem reduces to the
case of purely elastic compression. We can see that tensile normal
stress occurs at the center of the contact region, which is quite
abnormal. This unusual response is actually caused by surface
instability of the half-space. The study on this topic can be traced
back to the works of Green and Zerna (1954), Nowinski (1969),
and Usmani and Beatty (1974). Beatty and Usmani (1975) pointed
out that the surface instability could be accurately described by the
vanishing of the normal indentation force and there is no surface
instability of an elastic neo-Hookean half-space when it is under
a state of biaxial tension (k > 1). For the other three pre-
deformed states (i.e. k = 1, 1.45 and 1.9), the originally compressive
stress for d ¼ 0 also becomes tensile once the biasing electric dis-
placement exceeds a critical value. It is clear that the tensile pre-
stretch should not be responsible for this abnormity as noticed
by Beatty and Usmani (1975). It becomes even clearer that the
abnormal variation of stress still shows up when no equi-biaxial
mechanical pre-stretch is applied in the case of k ¼ 1. Thus, the
appearance of tensile stress as indicated in Fig. 5 for k = 1, 1.45
and 1.9 should be due to the surface instability of the half-space
induced by the increasing applied electric biasing field.

Nowwe consider the effects of the biasing electric displacement
on the surface instability of the half-space, with the results pre-
sented in Fig. 6, which shows the variations with the electric dis-
placement d of the critical values of the in-plane pre-stretch (kcr),
the vertical pre-stretch (vcr) and the critical volume ratio (Jcr).
The points in the region above the solid curve of kcr correspond
to compressive stresses while those below will induce tensile
stresses. Note that the vanishing of incremental normal stress at
the center of contact region is equivalent to the vanishing of inden-
tation force, both corresponding to g22 ¼ 0 (see the related formu-
lae in Table 2). It is seen that the kcr � d curve exhibits a particular



Fig. 4. Comparison of incremental displacement field obtained by numerical simulation and exact solutions of flat punch indentation: (a) finite element model in ABAQUS
2016; plots of (b) �uz=d and (c) uq=d versus q=a at diverse depths respectively.
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nonlinear character – it keeps rising slowly at the beginning, then
goes up sharply, and finally slows down again. The influence of the
electric property of the punch on the critical stretch under different
biasing electric displacements can be checked by comparing Figs. 5
and 6 with Figs. E1 and E2 in Appendix E, the latter two presenting
the parallel results in the case of a perfectly insulating indenter.

We demonstrate in Fig. 7 more explicitly, through the dcr � k
curve, the correlation between the abnormal phenomenon of the
Fig. 5. Plot of the incremental normal stress (rz1) at the center of the contact region
under a perfectly conducting and grounded flat-ended punch with the radius of
25 nm and the indentation depth of 0.1 nm for varying pre-stretches as the function
of the dimensionless electric displacement d.
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appearance of tensile contact stress during the indentation
(Fig. 5) and the surface instability (Fig. 6) of the SEA half-space.
We can see that the curve for the conducting (or insulating) inden-
ter obtained according to the appearance of tensile contact stress
perfectly matches that predicted by the instability analysis of the
half-space with prescribed surface electric potential (or surface
free charge). Thus, it confirms that the abnormal phenomenon of
tensile incremental normal stress in Fig. 5 is due to the loss of sta-
Fig. 6. Plot of the critical in-plane stretch (kcr), the critical vertical stretch (in the z-
direction) (vcr) and the critical volume ratio (Jcr) as the function of the electric
displacement (d) for an SEA half-space indented by a perfectly conducting flat-
ended punch.



Fig. 7. Comparison between the critical basing field corresponding to zero
incremental normal stress for perfectly conducting (or insulating) indentations
and that for surface instability of a half-space with prescribed surface electric
potential (u = 0) (or surface free charge ( _Dl0z ¼ 0)).

Fig. 9. Effect of the dielectric constant on the instability of an SEA half-space.

Fig. 8. Plot of the critical stretch (kcr) versus the dimensionless electric displace-
ment (d) of an SEA half-space under a perfectly conducting flat-ended circular
punch for e ¼ 1 and various values of m.
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bility of the half-space. In particular, the half-space under tension
can even lose its stability when the electric biasing field exceeds a
critical value, regardless of the electric property of the punch. In
Fig. 7, the stable region for prescribed surface electric potential
(u = 0) is denoted by C while that for prescribed surface free charge
(q = constant) is B + C, and A is the common unstable region for
both cases. It should be noted that a larger stable region indicates
higher stability of the half-space. Thus, the half-space with an insu-
lating surface is more stable than the half-space with its surface
being electrically shorted.

Then, we examine the effects of compressibility and dielectric
property on the instability of the SEA half-space. Fig. 8 presents
the instability curves for the compressible half-space with three
different values of Poisson’s ratio (i.e. m = 0.1, 0.3, 0.49). The results
for the incompressible case (m ¼ 0:5) obtained by Dorfmann and
Ogden (2010a) are reproduced here for comparison. We can see
that the effect of material compressibility on stability is not mono-
tonic when the biasing electric displacement is also involved. For
the case that the applied electric displacement is small
(d 6� 1:25) or sufficiently large (d P� 2:2), the half-space with
larger m will be more unstable. Otherwise (� 1:25 < d <� 2:2) the
half-space with smaller m is more susceptible to surface instability.

To investigate the effect of dielectric property on the surface
instability of an SEA half-space, we take polydimethylsiloxane
(PDMS) elastomer, a widely used electroactive elastomer, as an
example. The dielectric property of PDMS elastomer varies with
the type of cross-linker agent in the PDMS solution (Mark, 2009)
and a high permittivity may be obtained by blending the elas-
tomer with other polymers (Carpi et al., 2008b; Molberg et al.,
2010), while the Poisson’s ratio of the elastomer keeps almost
unchanged (~0.5) (Wang and Krause, 1987). Fig. 9 shows the
variation of the critical pre-stretch (kcr) with the dimensionless
electric displacement of the PDMS half-space with fixed Pois-
son’s ratio (m ¼ 0:4999) for different dielectric constants
(e = 2.77, 2.8, 2.98 and 3.69) selected from Mark (2009). The
gray curve (e ¼ 1) plotted for reference is very similar to the
blue curve in Fig. 8, with only a tiny difference in the value of
m. As compared to the effect of compressibility, the effect of
dielectric constant looks simpler that the PDMS elastomer with
larger permittivity always leads to smaller kcr for a fixed biasing
electric displacement. This effect is not obvious when the electric
biasing field is small, while it gets enhanced as the electric dis-
placement increases. Similar observations regarding the effects of
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compressibility and dielectric property can be seen from Figs. E3
and E4 for the indentation by a perfectly insulating circular flat-
ended punch.

4.3. Validity of linear indentation analysis for adhesive spherical
contact

Since the SEA material is hyperelastic while the developed exact
solutions are based on the linear incremental theory, it becomes
very important to clarify under which conditions these solutions
can be used to interpret the indentation responses. In this work,
we assume that if the maximum strain during indentation is below
5%, then the linear indentation analysis is valid. This requirement
can be easily met for the non-adhesive case by choosing proper
penetration depth and indenter size, even at nanoscale. Taking
the spherical indentation as an example, we show in Fig. F2(a) in
Appendix F the variations of the dimensionless contact radius (a/
R) and the incremental normal strain at the center of contact area
(ez) with the dimensionless electric displacement (d) for an SEA
half-space under a perfectly conducting spherical punch of differ-
ent sizes (R = 4, 160, 640 lm) but with a fixed indentation depth
(4 nm). In this case, as shown in Fig. F1, the maximum
indentation-induced strain is the incremental normal strain at
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the center of the contact area (ez), which decreases with the
increasing electric biasing field. The validity of the linear indenta-
tion analysis holds even when the radius of the indenter is as small
as 4 lm.

However, when the adhesive interaction is introduced for two
nontrivial values of the unit surface adhesion energy (Lu et al.,
2011; Wu et al., 2011) as shown in Fig. F2(b) and (c), the incremen-
tal deformation becomes much larger than that of the non-
adhesive case, unavoidably beyond the linear elastic regime
(ez > 5%). In this case, we may suppress the deformation to some
extent by enlarging the radius of the indenter, which can be man-
ufactured up to 400 lm by the MEMS technology (Michałowski
and Łuczak, 2018). Nevertheless, increasing the indenter size will
lower the resolution and contrast of the indentation image.
Fig. F2(d) indicates another strategy to keep the linear indentation
analysis valid in a wide range of electric biasing field (from zero to
the nearly critical value of instability) by reducing the surface
adhesion energy per unit area (only 1‰ of those in Fig. F2(b) and
(c)). The results presented in Figs. F3–F5 further show that both
a=R and ez have a monotonously positive correlation with the mag-
nitude of surface adhesion energy per unit area. It is noted that the
surface adhesion energy can be easily tuned through surface treat-
ment. As for a specific kind of SEA material, its adhesive interaction
with the indenter varies and is affected by the composition of the
indenter and/or surface chemistry of the coating of the probe tip
Fig. 10. Effect of the dimensionless electric displacement (d) on the critical value of surfac
indention of the SEA half-space under varying testing conditions and initial pre-stretche
depth (d = 4 nm) and pre-stretch (k = 1.5); (b) different pre-stretches (k = 1.4, 1.5, 1.6, 1
different indentation depths (d = 1, 2, 4 nm) and pre-stretches (k = 1.7, 2) with fixed inden
(a/R) and the incremental normal strain (ez) with dimensionless electric displacement (d)
the pre-stretch (k = 2) are fixed. The black solid lines in (d) describe the variations of th
strain within the linear elastic regime. The red dashed lines correspond to failure of the
electric displacement of surface instability. Both critical points are marked by crosses. S
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(Lin and Horkay, 2008). In fact, proper modifications of the tip
coating to regulate the probe-sample interaction have been repeat-
edly reported (Dos Santos Ferreira et al., 2010; Lei et al., 2018; Yam
et al., 2003).

On the other hand, for spherical indentation, we have used a
parabola to approximate the spherical profile in the analysis, which
requires a small ratio between the indention depth or contact
radius and the radius of indenter (i.e. a small d/R or a/R). For exam-
ple, to keep the deviation of the two profiles (parabolic and spher-
ical) smaller than 1%, d/R should be smaller than 4% or a/R should
be smaller than 20% in the non-adhesive case. The conflict between
the linear incremental model and the intrinsic large deformation
characteristic of soft materials under adhesive contact emerges
as a critical issue. A quantitative understanding of the validity of
the linear indentation analysis for pre-deformed SEA materials is
quite important but still lacking. In this sense, our exact solutions
may help provide certain preliminary knowledge of the testing
conditions under which the linear indentation analysis is
applicable.

For the adhesive indentation test under diverse working condi-
tions, it is interesting and necessary to find the critical value of unit
surface adhesion energy when the incremental normal strain at the
center of the contact area equals 5%. Fig. 10(a)–(c) plot the varia-
tions of the critical surface adhesion energy per unit area for an
SEA half-space with varying dimensionless electric displacement.
e adhesion energy per unit area (gcr) of perfectly conducting and grounded spherical
s (k): (a) different radii of indenters (R = 4, 40, 160, 640 lm) with fixed indentation
.7) with fixed indentation depth (d = 4 nm) and radius of indenter (R = 4 lm); (c)
ter size (R = 4 lm); (d) variations of the non-adhesive dimensionless contact radius
for different indentation depths (d = 2, 4 nm) where the indenter size (R = 4 lm) and
e contact radius, and the red solid lines in (d) give those of the incremental normal
measurement and the vertical gray line shows the critical value of dimensionless
imilar notations are implied unless stated otherwise.
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The region below the solid curve of gcr corresponds to the case
ez < 5%. The corresponding variations of a/R are provided in
Fig. F6. The solid curves in Fig. 10(a) perfectly include all the crit-
ical points corresponding to ez ¼ 5% in Figs. F2–F5, giving the guid-
ance to choose a proper radius of the spherical indenter for a fixed
indentation depth. As shown in Fig. 10(b), the SEA half-space bear-
ing a larger pre-stretch usually should have a smaller critical unit
surface adhesion energy when the electric biasing field applied is
much smaller than the critical one. For the depth-fixed indenta-
tion, the half-space under a large pre-stretch may not have a crit-
ical surface adhesion energy per unit area until the dimensionless
electric displacement reaches a threshold value (dg=0), e.g. the case
of k = 1.7. The threshold value should not exceed the critical value
of the electric biasing field for surface instability. If this condition is
not satisfied, we can never perform an effective indentation test
within the linear elastic regime, e.g. the case of k = 2 as shown in
Fig. 10(d) for d = 4 nm. For these two cases, we can solve this prob-
lem by properly decreasing the indentation depth. Fig. 10(c) shows
that the value of critical surface adhesion energy per unit area is
negatively correlated to the indentation depth. Besides, it always
approaches zero when the half-space is subjected to the critical
electric biasing field of instability.
4.4. More results for spherical and conical indentations

In this subsection, indentations by a spherical punch (R = 4 lm)
and a conical punch (b ¼ 60�) are, respectively, considered with the
indentation depth of 4 nm to show the effect of adhesion on the
indentation responses. The pre-stretch and applied electric dis-
placement of the SEA half-space are fixed as k1 ¼ k2 ¼ 1:5, and
D3 ¼ 0:01

ffiffiffiffiffiffiffiffie0l
p

. The reduced unit adhesion energy

g1 ¼ 2:8� 10�5J=m2 and g2 ¼ 1:55� 10�4J=m2 are adopted to
account for the adhesive interaction during indentation.

We first focus on the perfectly conducting and grounded spher-
ical punch (u0 ¼ 0). As shown in Fig. 11(a), the adhesive effect
makes an obvious difference on the distribution of the incremental
vertical displacement (uz) at the surface (z ¼ 0). The adhesion-free
contact response (black curve) is also presented in the figure for
comparison. For adhesive contact (red and blue curves), the radius
of contact area, which can be identified by the rising part of each
curve, increases with the surface adhesion energy per unit area
for a fixed indentation depth. Furthermore, although the distribu-
tion of the incremental vertical displacement inside the contact
region should comply with the shape of the spherical punch, the
outside distribution is highly affected by the surface adhesion. It
Fig. 11. Variations of the surface incremental (a) vertical displacement (uz) and (b) rad
punch (R = 4 lm, d = 4 nm) for different values of surface adhesion energy per unit are
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is also seen that, when the surface adhesion energy decreases,
the surface of the half-space outside the contact area may change
from sinking to heaving.

Fig. 11(b) shows the distributions of the incremental radial dis-
placement (uq) at the surface for different values of the surface
adhesion energy per unit area. The incremental radial displace-
ment is rather small, more than one order of magnitude lower than
the normal or vertical one. For adhesive contact, the distribution of
the radial displacement inside the contact region looks not
straightly correlated to the shape of the punch. This is quite
expected because, in our analysis, we assume zero shear stress
within the contact area though the adhesion energy has been taken
into account. It is noted that the radial displacement first goes
down from zero to negative. As the radial coordinate reaches a crit-
ical value, it turns to grow smoothly. Note that the maximum abso-
lute value of the radial displacements within the contact region has
a positive correlation with the magnitude of the surface adhesion
energy per unit area (g). Outside the contact area, the effect of
adhesion on the radial displacement is similar to that on the verti-
cal displacement. As the radial coordinate becomes far away from
the indenter, the incremental radial displacement gradually
approaches zero, also as expected.

The adhesion also affects the distributions of the incremental
stresses and electric displacements. Fig. 12 plots the distributions
of the incremental normal stress (rz1) in the z-direction, the trans-
verse shear stress (rq2), the normal electric displacement (rz2) and
the radial electric displacement (rq3) at the surface for different
values of surface adhesion energy per unit area (g). As is seen from
Fig. 12, the maximum normal compressive stress and normal elec-
tric displacement always occur at the center of the contact region,
of which the magnitudes are both positively correlated to the value
of g. rq2 has the same order of magnitude as rz1 and linearly
increases with the radial coordinate in the contact area, whether
the adhesion is involved or not. We note that, as shown in
Fig. 12, the nonzero incremental physical quantities all show a sin-
gular behavior at the contact edge when the surface adhesion
energy is nonzero. It is simply because that the JKR model only
accounts for the adhesive effect inside the contact region (Wu,
2012), leading to a physical discontinuity at the contact edge. To
eliminate these singularities, we may need to utilize the MDmodel
or take surface tension at the contact edge into consideration
(Karpitschka et al., 2016).

Fig. 13 shows a comparison of the incremental vertical displace-
ment at the surface between the modified JKR model and the tra-
ditional one under different values of the surface adhesion
ial displacement (uq) for an SEA half-space under a perfectly conducting spherical
a.



Fig. 12. Variations of the surface incremental (a) normal stress (rz1) and transverse shear stress (rq2), and (b) normal electric displacement (rz2) and radial electric
displacement (rq3) for an SEA half-space under a perfectly conducting spherical punch (R = 4 lm, d = 40 nm) for different values of surface adhesion energy per unit area.

Fig. 13. Variations of incremental vertical displacement of an SEA half-space under
a perfectly conducting conical punch (b = 60�) on the surface for different values of
surface adhesion energy per unit area.
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energy per unit area (g). For non-adhesive contact, the contact
radius is calculated to be 4.411 nm. When g ¼ g1, the contact radii
for the traditional and modified models are calculated to be 4.961
and 5.007 nm, respectively, whereas these are found to be 5.818
and 5.939 nm when g ¼ g2. Taking the value obtained by the mod-
ified JKR model as a reference, the relative deviations of the con-
ventional model are about 0.92% and 2.04% for g ¼ g1 and g ¼ g2

respectively. We further calculate the point-wise incremental ver-
tical displacement at the surface based on the two models. It is
found that the relative deviations of the vertical displacement are
up to 3.63% and 28.85%, respectively, for the two values of surface
adhesion energy per unit area. These two kinds of deviations both
show positive correlation with the magnitude of g. These results
suggest that at least for a sharp-shaped punch (e.g. cone), the tra-
ditional model using the projected area may induce a large error of
the surface displacement, which usually gives plenty of informa-
tion in the indentation techniques. Thus, it becomes clear that
the modified area should be used when the surface adhesion
energy is involved.

5. Conclusions

In conclusion, we presented the exact solutions of 3D elastic
and electric fields in terms of elementary functions for the adhe-
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sive contact between a pre-deformed soft electroactive half-space
and an axisymmetric rigid indenter. The adhesion was considered
by using the modified JKR model. We verified the theoretical solu-
tions through comparison with FE simulations though only for a
purely elastic neo-Hookean half-space. For the indentation of a
compressible neo-Hookean electroactive half-space, the incremen-
tal normal stress may become tensile when the biasing electric dis-
placement exceeds a critical value. This abnormal phenomenon
was shown to be due to the occurrence of surface instability
induced by the electric biasing field.

Numerical results show that the modification of contact area
used in the calculation of surface adhesion energy is necessary at
the micro- and nano-scales even if the adhesive effect is not very
high. For the SEA materials with certain biasing states, in order
to ensure the validity of SPM indentation tests within the linear
elastic framework, the significant effects of electric biasing field
and surface adhesion energy per unit area on the magnitude of
incremental deformation were also carefully analyzed. The analy-
sis provides a strategy to regulate the contact radius, by tuning
the electric biasing field, with a fixed radius of indenter and/or a
fixed indentation depth. As such, we believe that the adhesive con-
tact solutions pave a right way for the nanoindentation technology
or SPM to accurately characterize SEA materials in particular and a
broad range of soft material systems with electromechanical cou-
plings in general.
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Appendix A. A summary of fundamental formulations

A.1. Nonlinear theory of electroelasticity

We here briefly recall the nonlinear theory of electroelasticity
and the incremental field theory proposed by Dorfmann and
Ogden (2010b). Beginning with an SEA body occupying a region
Br with boundary oBr in the undistorted reference configuration,
we denote a material point in Br by its position vector X. The body
is then subjected to a certain static deformation as well as an elec-
tric displacement field, and as a result, the material point will
move to a new position x such that the body occupies a new region
B with boundary oB in the current configuration. The overall defor-
mation of the body can be defined via a smooth function x ¼ vðXÞ.
The deformation gradient is then given by F ¼ Gradv, where Grad
is the gradient operator in Br, and the volume ratio is J ¼ detF. The
left and right Cauchy-Green tensors associated with F are denoted
by b ¼ FFT and c ¼ FTF , respectively, where the superscript T
denotes transpose operation. We may describe the properties of
the SEA body by introducing an energy density function
X ¼ XðF;DlÞ, satisfying XðI;0Þ ¼ 0 without loss of generality,
where Dl is the electric displacement vector in Br. The nonlinear
constitutive relations are then expressed by

T ¼ @X
@F

; El ¼ @X
@Dl

; ðA1Þ

where the nominal stress tensor T is related to the total Cauchy
stress s through T ¼ JF�1s, and the nominal electric field
vector is connected with the true one by El ¼ FTE. For isotropic
materials, we have

Js ¼ 2X1bþ 2X2 I1b� b2
� �

þ 2I3X3I þ 2J2X5D� D

þ2X6J
2 D� bDþ bD� Dð Þ;

Jsji ¼ 2X1bji þ 2X2 I1bji � bjkbki
� �þ 2X3I3dji þ 2J2X5DjDi

þ2X6J
2 DjbikDk þ bjkDkDi
� �

;

E ¼ 2J X4b
�1DþX5DþX6bD

� �
;

Ek ¼ 2J X4b
�1
ki Di þX5Dk þX6bikDi

� �
;

ðA2Þ

where i, j, k = 1, 2, 3, Xm ¼ @X=@Im m ¼ 1;2; . . . ;6ð Þ, and I1 ¼ trc,

I2 ¼ ½ðtrcÞ2 � trðc2Þ�=2, I3 ¼ det c, I4 ¼ Dl 	 Dl, I5 ¼ Dl 	 ðcDlÞ,
I6 ¼ Dl 	 ðc2DlÞ are the six independent invariants. The governing
equations read as

DivT ¼ 0; CurlEl ¼ 0; DivDl ¼ 0;

ðA3Þ
If there is no electric field outside the SEA body, the natural

boundary conditions are

sn ¼ ta; n 	 D ¼ q0; n� E ¼ 0; on @Bð Þ
ðA4Þ

where ta and q0 are the applied surface traction and the pre-
scribed charge density on oB.

An infinitesimal deformation _xðXÞ is assumed to be superim-
posed on the finite static deformation x ¼ vðXÞ. Here and below
we follow the notations adopted by Dorfmann and Ogden
(2010b). In particular, the dotted variables represent the incremen-
tal quantities. The Eulerian forms of equilibrium equations of the
incremental motion are

div _T0 ¼ 0; div _Dl0 ¼ 0; curl _El0 ¼ 0; ðA5Þ
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where _T0, _Dl0 and _El0 are ‘‘push-forward” version of the incremental
stress, electric displacement, and electric field, respectively. The
incremental constitutive relations read

_T0 ¼ A0H þ C0
_Dl0; _El0 ¼ CT

0H þ K0
_Dl0; ðA6Þ

whereA0, C0 and K0 are the fourth-, third-, and second-order effec-
tive or instantaneous material tensors, respectively, with the fol-
lowing component forms for an isotropic SEA half-space

A0piqj ¼ J�1FpaFqb
P6

m¼1;m–4

P6
n¼1;n–4

Xmn
@Im
@Fia

@In
@Fjb

þ P6
m¼1;m–4

Xm
@2 Im

@Fia@Fjb

 !
¼A0qjpi;

C0piq ¼ FpaF
�1
bq

P6
m¼1

P6
n¼1;n–4

Xmn
@Im
@Fia

@In
@Dlb

þ P6
m¼5

Xm
@2 Im

@Fia@Dlb

 !
¼C0ipq;

K0pg ¼ JF�1
ap F

�1
bg

P6
m¼4

P6
n¼4

Xmn
@Im
@Dla

@In
@Dlb

þ P6
m¼4

Xm
@2 Im

@Dla@Dlb

� �
¼K0gp;

ðA7Þ

where Xmn ¼ @2X=ð@Im@InÞ. The Roman and Greek subscripts corre-
spond to the reference and current configurations, respectively.
H ¼ gradu is the displacement gradient with respect to x, and
u ¼ _xðXÞ ¼ uðxÞ is the incremental displacement vector. Here and
after, the Einstein summation convention is implied unless other-
wise stated.

Since the effect of the external electric field can be ignored
(Ericksen, 2007; Suo et al., 2008; Zhang et al., 2012), the incremen-
tal boundary conditions are given by

_TT
0n ¼ _tA0; n 	 _Dl0 ¼ _qA0; n� _El0 ¼ 0; ðA8Þ

where _tA0 denotes the incremental mechanical traction and _qA0 is
the incremental electric charge per unit area on oB.

A.2. General solution for a pre-deformed SEA body

By introducing an electric potential u and letting _El0 ¼ �gradu,
the third equation in Eq. (A5) can be satisfied. Then, for an isotropic
SEA material with the finite pre-deformation described in Eq. (1),
we can rewrite the constitutive equations in Eq. (A6) in the new
form of Eqs. (2) and (3) (Zhang et al., 2012). The effective material
constants there can be related to the instantaneous material con-
stants in Eq. (A7) as

e11 ¼ 1=K011; e33 ¼ 1=K033;

e15 ¼ �e11C0131; e31 ¼ �e33C0113; e33 ¼ �e33C0333;

c11 ¼ A01111 þ C0113e31; c12 ¼ A01122 þ C0113e31;

c13 ¼ A01133 þ C0113e33; c33 ¼ A03333 þ C0333e33;

c58 ¼ A01331 þ C0131e15; c55 ¼ A01313 þ C0131e15;

c88 ¼ A03131 þ C0131e15; c69 ¼ A01221; c66 ¼ A01212:

ðA9Þ

All non-zero material parameters for an isotropic SEA material
are given explicitly in Appendix B.1.

As mentioned in the text, the general solution to the governing
equations (i.e. Eqs. (2), (3) and (A5)) can be expressed in terms of
three quasi-harmonic functions wi ði ¼ 1; 2; 3Þ), which satisfy

Dþ @2

@z2i

 !
wi ¼ 0 ; ðA10Þ

where D is the two-dimensional Laplace operator in the q-/ plane,
and zi ¼ six3 ði ¼ 1;2;3Þ, with s1, s2 and s3 being the roots of the
characteristic equation below
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n0s6 � n1s4 þ n2s2 � n3 ¼ 0; ðA11Þ

where

n0¼ c88ðe233þc33e33Þ;
n1¼ c33½ðe15þe31Þ2þc88e11þc11e33�þe33½c55c88�ðc13þc58Þ2�

þe33½2c88e15þc11e33�2ðe15þe31Þðc13þc58Þ�;
n2¼e11½c11c33þc55c88�ðc13þc58Þ2�þc55e231þc11c55e33

þe15½2c11e33�2c13e15�2ðc13þc58�c55Þe31�ð2c58�c55�c88Þe15�;
n3¼ c11ðe215þc55e11Þ:

ðA12Þ
The coefficients in Eqs. (4) and (5) are given by

a1i ¼ c11e11 �m3s2i þ c88e33s4i
m1 �m2s2i
� �

si
; a2i ¼ c11e15 �m4s2i þ c88e33s4i

m1 �m2s2i
� �

si
;

ðA13Þ

c1i ¼ a1ic33si þ a2ie33si � c13;-1i ¼ c88si þ c58a1i þ e15a2i;

c2i ¼ a1ie33 � a2ie33ð Þsi � e31;-2i ¼ c58si þ c55a1i þ e15a2i;

c3i ¼ 2 a1ic13 þ a2ie31ð Þsi � c11 þ c12ð Þ; -3i ¼ e15 si þ a1ið Þ � e11a2i:

ðA14Þ
where

m1 ¼ e11 c13þ c58ð Þþe15 e15þe31ð Þ; m2 ¼ e33 c13þ c58ð Þþe33 e15þe31ð Þ;
m3 ¼ c11e33þ c88e11þ e15þe31ð Þ2; m4 ¼ c11e33þc88e15� c13þ c58ð Þ e15þe31ð Þ;

ðA15Þ
As can be seen, the coefficients in Eqs. (4) and (5) are all combi-

nations of the effective material constants in Eq. (A9).
It should be noted that Eqs. (4) and (5) are valid only when the

characteristic equation has three distinct roots. For cases of equal
roots, the form of the general solution shall be changed accordingly
(Ding et al., 2006). The explicit expressions of s1, s2 and s3 can be
readily obtained, just as for incompressible materials. It is noted
that the roots may become imaginary, which corresponds to the
situation that the material loses stability (Dorfmann and Ogden,
2010a). In this paper, proper pre-deformations are assumed such
that ReðsiÞ > 0 always holds.

A.3. Conducting indenters

A.3.1. Potential theory method
For perfectly conducting indenters, we assume:

wi zð Þ ¼
X2
j¼1

hijHj zið Þ; i ¼ 1;2;3ð Þ ðA16Þ

where hij ði ¼ 1; 2; 3; j ¼ 1; 2Þ are undetermined constants, and

Hj q;/; zð Þ ¼
Z 2p

0

Z a

0
ln R M;Nð Þ þ z½ �rzj Nð Þrdrdh; j ¼ 1;2ð Þ

ðA17Þ
with rzjðNÞ being the value of stress (for j = 1) or electric displace-
ment (for j = 2) at the position Nðr; h; 0Þ, an arbitrary point in the
contact region, and R M;Nð Þ is the distance between any position
in the half-space denoted by Mðq;/; zÞ and Nðr; h;0Þ.

According to the properties of a single-layer potential, its
second derivative satisfies

@2Hj=@z2jz¼0 ¼ �2przjjz¼0: ðA18Þ

Then, in conjugation with the third condition in Eq. (7), we may
set
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X3
i¼1

hijcki ¼ �djk 2pð Þ�1
;

X3
i¼1

hij-1i ¼ 0; j; k ¼ 1;2ð Þ ðA19Þ

where hij then can be obtained from Eq. (A19), and their complicit
expressions are given in Appendix B.2. The vertical displacement
(for k = 1) and the electric potential (for k = 2) within the contact
region can also be written as, in view of Eqs. (A16) and (4)

wk N0ð Þ ¼
X2
j¼1

gjk

Z 2p

0

Z a

0

rzj Nð Þ
R N0;Nð Þ rdrdh; k ¼ 1;2ð Þ ðA20Þ

where N0ðr0; h0;0Þ is also an arbitrary point in the contact area, and

gjk ¼
X3
i¼1

hijaki; j; k ¼ 1; 2ð Þ ðA21Þ

As for the axisymmetric problems, solving Eq. (A20) yields the
incremental normal stress and electric displacement on the
surface as

rzj q;/;0ð Þ ¼ 1
p2

vj að Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p �
Z a

q

v0
j sð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 � q2
p ds

" #
; ðA22Þ

where

vj tð Þ ¼
Z t

0

x�xj xð Þdx
t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

p þ
Z t

0

x2x0
j xð Þdx

t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

p ; ðA23Þ

with

x1 N0ð Þ ¼ g22w1 N0ð Þ�g21w2 N0ð Þ
A0

;

x2 N0ð Þ ¼ g11w2 N0ð Þ�g12w1 N0ð Þ
A0

;

8<
: A0 ¼ g11g22 � g12g21: ðA24Þ

Integrating Eq. (A22) over the contact area gives the total force
(for j = 1) and total charge (for j = 2) applied on the punch as

pC
j ¼ �2p

Z a

0
rzj q;/;0ð Þqdq ¼ � 2

p

Z a

0
vj tð Þdt; j ¼ 1; 2ð Þ

ðA25Þ
where the superscript C represents the conducting indenter.

A.3.2. Modified JKR model
We define the stress and electric displacement intensity factors

at the contact edge, denoted as KC
1 and KC

2, by

KC
j ¼ lim

q!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p a� qð Þ

p
rzj q;/;0ð Þ

h i
¼ 1
p
ffiffiffiffiffiffi
pa

p vj að Þ: j ¼ 1; 2ð Þ

ðA26Þ
The relation of the two intensity factors can be obtained from

Eqs. (A23) and (A26) as

KC
2 ¼ u0

g22p
ffiffiffiffiffiffi
pa

p � g12

g22
KC

1: ðA27Þ

Eq. (A22) can be rewritten as, in view of Eq. (A26),

rzj q;/;0ð Þ ¼
ffiffiffiffi
a
p

r
KC

jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p � 1
p2

Z a

q

v0
j sð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 � q2
p ds: ðA28Þ

Following the process of Maugis (2000), the unloading of the
indenter is analogous to a crack problem. For the punch to depart
from the surface, the mechanical energy release rate at the edge of
the contact area (GM) may be expressed as

GM ¼ lim
Da!0

1
Da

Z Da

0

1
2
rz1 a� Dq;/;0ð Þ w1½ � aþ Dq;/;0ð Þdx; ðA29Þ
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where Da is the crack extension. The incremental normal stress
(rz1), and the incremental displacement discontinuity w1½ � in the
vicinity of the contact edge can be asymptotically obtained as

rz1 a� Dq; h;0ð Þ ¼ KC
1ffiffiffiffiffiffiffiffiffi

2pDq
p ;

w1½ � aþ Dq; h;0ð Þ ’ �4p g11K
C
1 þ g21K

C
2

� � ffiffiffiffiffi
Dq
2p

q
;

8><
>: ðA30Þ

where Dq is a small quantity. Then, the expression of GM is obtained
as

GM ¼ �p
2
KC

1 g11K
C
1 þ g21K

C
2

� �
; ðA31Þ

or

GM ¼ � pA0

2g22
KC

1 KC
1 þ

g21u0

A0p
ffiffiffiffiffiffi
pa

p
� �

: ðA32Þ

The equilibrium condition during adhesive contact requires (Lu
et al., 2011)

GM � g
@S
@Sp

� �
dSp ¼ 0; ðA33Þ

where g is the surface adhesion energy per unit area, Sp ¼ pa2 is the
projected area of the real contact area (S), and we have the ratio
(@S=@Sp) at q ¼ a as

@S
@Sp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f 0 að Þ
 �2q

: ðA34Þ

We then get from Eqs. (A33) and (A34)

GM ¼ g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f 0 að Þ
 �2q

: ðA35Þ
Finally, substitution of Eq. (A32) into Eq. (A35) gives the explicit

relation between the stress intensity factor and the modified sur-

face adhesion energy per unit area (g
 ¼ g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½f 0ðaÞ�2

q
) as

� pA0

2g22
KC

1 KC
1 þ

g21u0

A0p
ffiffiffiffiffiffi
pa

p
� �

¼ g
; ðA36Þ

or

KC
1 ¼ 1

2A0p
ffiffiffiffiffiffi
pa

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2 � 8ap2A0g22g


q
� g21u0

	 

: ðA37Þ
A.3.3. Indentation analysis
For axisymmetric and conducting indenters, Eq. (A25) may be

rewritten as

pC
1 ¼ � 2g22a

pA0
d� g21

g22
u0

� �
þ 2g22

pA0

R a
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p
f 0 qð Þdq;

pC
2 ¼ 2g12a

pA0
d� g11

g12
u0

� �
� 2g12

pA0

R a
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p
f 0 qð Þdq:

8><
>: ðA38Þ

To derive the above equation, the following expressions from
Eq. (A23) have been utilized

v1 tð Þ ¼ g22d�g21u0
A0

� g22t
A0

R t
0

f 0 qð Þdqffiffiffiffiffiffiffiffiffiffi
t2�q2

p ;

v2 tð Þ ¼ �g12dþg11u0
A0

þ g12t
A0

R t
0

f 0 qð Þdqffiffiffiffiffiffiffiffiffiffi
t2�q2

p :

8><
>: ðA39Þ

Especially, substitution of v1 að Þ into Eq. (A26) yields the depth-
radius relation

d ¼ A0p
ffiffiffiffiffiffi
pa

p
KC

1 þ g21u0

g22
þ
Z a

0

af 0 qð Þdqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p ; ðA40Þ

where the expression of KC
1 is given in Eq. (A37). Equation (A38)

may be subsequently rewritten as
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pC
1 ¼ � 2g22

pA0

R a
0

x2 f 0 xð Þffiffiffiffiffiffiffiffiffi
a2�x2

p dx�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2�8ap2A0g22g


p
�g21u0

pA0a�1 ;

pC
2 ¼ 2g12

pA0

R a
0

x2f 0 xð Þffiffiffiffiffiffiffiffiffi
a2�x2

p dx� 2g11g22�g12g21ð Þau0
pA0g22

þ g12
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2�8ap2A0g22g


p
pA0g22a�1 :

8><
>:

ðA41Þ
Furthermore, for any conducting indenter with its shape

described by Eq. (6), we can derive the explicit load–displacement
relation as follows

d ¼ � pA0

2ag22
pC
1 þ

g21

g22
u0 þ

ffiffiffiffi
p

p X1
n¼1

Cðn2 þ 1Þ
Cðnþ1

2 Þ rnan: ðA42Þ

Accordingly, Eqs. (A39) and (A41) respectively become

v1 að Þ ¼ g22
A0

ðd� ffiffiffiffi
p

p P1
n¼1

Cðn2þ1Þ
Cðnþ1

2 Þ rna
nÞ � g21

A0
u0;

v2 að Þ ¼ �g12
A0

ðd� ffiffiffiffi
p

p P1
n¼1

Cðn2þ1Þ
Cðnþ1

2 Þ rna
nÞ � g11

A0
u0;

8>>><
>>>:

ðA43Þ

and

pC
1 ¼ � 2ag22ffiffiffi

p
p

A0

P1
n¼1

nCðn2þ1Þ
ðnþ1ÞCðnþ1

2 Þ rna
n

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2�8ap2A0g22g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð
P1
n¼1

nrnan�1Þ
2

rs
�g21u0

pA0a�1 ;

pC
2 ¼ 2ag12ffiffiffi

p
p

A0

P1
n¼1

nCðn2þ1Þ
ðnþ1ÞCðnþ1

2 Þ rna
n � 2g11g22�g12g21ð Þau0

pA0g22

þ
g12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g21u0ð Þ2�8ap2A0g22g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð
P1
n¼1

nrnan�1Þ
2

rs
pA0g22a�1 :

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ðA44Þ

Thus, once the values of pC
1 and u0 (or pC

2), rn, surface adhesion
energy per unit area (g) and related material constants are given,
the contact radius (a) can be determined from Eq. (A44). For
example, for punches with smooth profiles (spherical and conical)
subject to a prescribed electric potential (u0), setting pC

1 ¼ 0 gives
the following equation asP1

n¼1
nCðn2þ1Þ

ðnþ1ÞCðnþ1
2 Þ rna

n�1
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðP1
n¼1

nrnan�1
0 Þ

2
s ¼ 2pA0g

g21u0ffiffiffi
p

p � g22
P1

n¼1
nCðn2þ1Þ

ðnþ1ÞCðnþ1
2 Þ rna

n
0

; ðA45Þ

from which the radius of contact area induced by adhesion (a0) may
be found.

A.4. Insulating indenters

A.4.1. Potential theory method
For perfectly insulating indenters, the analysis procedure is

quite similar to that presented in Appendix A.3. We now assume

wi zð Þ ¼ hi1H1 zið Þ : i ¼ 1;2;3ð Þ ðA46Þ
Then one may obtain, analogous to Eq. (A22), the following

formula

rz1 q;/;0ð Þ ¼ 1
p2

v0 að Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p �
Z a

q

v0
0 sð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 � q2

p ds
" #

; ðA47Þ

with

v0 tð Þ ¼
Z t

0

x�x0 xð Þdx
t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

p þ
Z t

0

x2x0
0 xð Þdx

t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

p ;x0 N0ð Þ ¼ w1 N0ð Þ
g11

:

ðA48Þ
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The corresponding stress intensity factor is

K I
1 ¼ lim

q!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p a� qð Þ

p
rz1 q; h;0ð Þ

h i
¼ 1
p
ffiffiffiffiffiffi
pa

p v0 að Þ ; ðA49Þ

where the superscript I represents the insulating indenter. Then Eq.
(A47) can be rewritten as

rz1 q;/;0ð Þ ¼
ffiffiffiffi
a
p

r
K I

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p � 1
p2

Z a

q

v0
0 sð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 � q2

p ds; ðA50Þ

and the total force is given by

pI
1 ¼ �2p

Z a

0
rz1 q;/;0ð Þqdq ¼ � 2

p

Z a

0
v0 tð Þdt: ðA51Þ
A.4.2. Modified JKR model
Correspondingly, the relation between the stress intensity fac-

tor and the modified surface adhesion energy per unit area is

�pg11

2
K I

1

� �2
¼ g
; ðA52Þ

or

K I
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2
pg11

g


s
: ðA53Þ

A.4.3. Indentation analysis
The indentation analysis for an insulating punch is quite similar

to that for a conducting punch although there are some distinc-
tions. Thus, a series of parallel results can be obtained. For an arbi-
trary axisymmetric and insulating indenter, the total load applied
during the indentation is given by

pI
1 ¼ � 2ad

pg11
þ 2

pg11

R a
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p
f 0 qð Þdq

¼ �2a
ffiffiffiffiffiffiffiffiffiffiffiffi
� 2ag


g11

q
� 2

pg11

R a
0

q2 f 0 qð Þffiffiffiffiffiffiffiffiffiffi
a2�q2

p dq;
ðA54Þ

for which the following two relations have been employed

v0 tð Þ ¼ 1
g11

d� t
Z t

0

f 0 qð Þdqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � q2

q
2
64

3
75; ðA55Þ

d ¼ �p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ag11g


p
þ
Z a

0

af 0 xð Þdxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p : ðA56Þ

With respect to the general profile of the indenter in Eq. (6),
Eqs. (A54)–(A56) become

d ¼ �pg11

2a
pI
1 þ

ffiffiffiffi
p

p X1
n¼1

Cðn2 þ 1Þ
Cðnþ1

2 Þ rnan; ðA57Þ

v0 að Þ ¼ 1
g11

ðd� ffiffiffiffi
p

p X1
n¼1

Cðn2 þ 1Þ
Cðnþ1

2 Þ rnanÞ; ðA58Þ

pI
1 ¼ � 2affiffiffiffi

p
p

g11

X1
n¼1

nCðn2 þ 1Þ
ðnþ 1ÞCðnþ1

2 Þ rna
n � 2a

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2a
g11

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð

X1
n¼1

nrnan�1Þ
2

vuut
vuuut : ðA59Þ

For smooth punches, the contact radius due to adhesion (a0),
can be similarly obtained from the following equation:

X1
n¼1

nCðn2þ1Þ
ðnþ1ÞCðnþ1

2 Þrna
n
0

" #2
¼�2pg11ga0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð

X1
n¼1

nrnan�1
0 Þ

2
vuut : ðA60Þ
220
Appendix B. Related parameters

B.1. Non-zero components of the effective material tensors

A01111 ¼ 2k�1
3 fX1 þ k21½ð2X11 þX2Þ þ 4X12k

2
1 þ 2X22k

4
1�

þX2k
2
3 þ 2k21k

2
3½2X12 þ 2ðX13 þX22Þk21

þX3=2þ 2X23k
4
1 þX22k

2
3 þ 2X23k

2
1k

2
3 þX33k

4
1k

2
3�g;

A01122 ¼ 4k21k
�1
3 ½X11 þX2 þ 2X12k

2
1 þX22k

4
1 þ ð2X12 þX3Þk23

þX22k
4
3 þ k21k

2
3ð2X13 þ 2X22

þ2X23k
2
1 þ 2X23k

2
3 þX33k

2
1k

2
3Þ�;

A01133 ¼ 4k3½X11 þX2 þ ð3X12 þX3Þk21 þ ðX13 þ 2X22Þk41 þX23k
6
1

þX12k
2
3 þ ðX13 þ 2X22Þk21k23 þ 3X23k

4
1k

2
3 þX33k

6
1k

2
3�

þ4D2
3k

�2
1 k�1

3 fk81k43ðX35 þ 2X36k
2
3Þ

þk61k
2
3½X15 þ 2X16k

2
3 þ ðX25 þ 2X26k

2
3Þðk21 þ k23Þ�g;

A03333 ¼2k3k�2
1 fX1þ2X2k

2
1þX3k

4
1þ2k23½X11þ4X12k

2
1

þk41ð2X13þ4X22þ4X23k
2
1þX33k

4
1Þ�gþ2D2

3k
�2
1 k�1

3 f4X35k
8
1k

4
3

þk23½8X36k
8
1k

4
3þX5k

4
1þ2k41k

2
3ð2X15þ3X6þ4X25k

2
1þ4X16k

2
3

þ8X26k
2
1k

2
3Þ�gþ4D4

3k
6
1k

3
3½X55þ4k23ðX56þX66k

2
3Þ�;

A01212 ¼ 2
k3

ðX1 þX2k
2
3Þ; A01221 ¼ �2k21

k3
ðX2 þX3k

2
3Þ;

A01313 ¼ 2
k3

ðX1 þX2k
2
1 þ D2

3X6k
4
1k

2
3Þ;

A01331 ¼ �2k3ðX2 þX3k
2
1 � D2

3X6k
4
1Þ;

A03131 ¼ 2k3
k21

fX1 þX2k
2
1 þ D2

3k
4
1½X5 þX6ðk21 þ 2k23Þ�g; ðB1Þ

C0113 ¼ 4D3k
4
1

k3
fX14 þX24ðk21 þ k23Þ þ k23½X15 þX34k

2
1 þX16k

2
3

þðX26 þX35Þk21k23 þX26k
4
3 þX36k

2
1k

4
3 þX25ðk21 þ k23Þ�g;

C0131 ¼ 2D3k
2
1k3½X5 þX6ðk21 þ k23Þ�;

C0333 ¼ 4D3k
2
1k3fX14 þX5 þ 2X24k

2
1 þX34k

4
1

þðX15 þ 2X6Þk23 þX16k
4
3 þ k21k

2
3ð2X25 þ 2X26k

2
3 þX35k

2
1

þX36k
2
1k

2
3Þ þ D2

3k
4
1½X45 þ ð2X46 þX55Þk23

þ3X56k
4
3 þ 2X66k

6
3�g; (B2)

K011 ¼ 2k3ðX4 þX5k
2
1 þX6k

4
1Þ;

K033 ¼ 2k21k
�1
3 fX4 þ k23ðX5 þX6k

2
3Þ þ 2D2

3k
4
1½X44 þ 2X45k

2
3

þk43ð2X46 þX55 þ 2X56k
2
3 þX66k

4
3Þ�g;

(B3)

where A01111 �A01122 ¼ A01212 þA01221.

B.2. Expressions of hij

h11 ¼ �c23-12þc22-13
2pðc13ðc22-11�c21-12Þþc12ð�c23-11þc21-13Þþc11ðc23-12�c22-13ÞÞ ;

h21 ¼ c23-11�c21-13
2pðc13ðc22-11�c21-12Þþc12ð�c23-11þc21-13Þþc11ðc23-12�c22-13ÞÞ ;

h31 ¼ �c22-11þc21-12
2pðc13ðc22-11�c21-12Þþc12ð�c23-11þc21-13Þþc11ðc23-12�c22-13ÞÞ ;

8>><
>>: ðB4Þ

h12 ¼ c13-12�c12-13
2pðc13ðc22-11�c21-12Þþc12ð�c23-11þc21-13Þþc11ðc23-12�c22-13ÞÞ ;

h22 ¼ �c13-11þc11-13
2pðc13ðc22-11�c21-12Þþc12ð�c23-11þc21-13Þþc11ðc23-12�c22-13ÞÞ ;

h32 ¼ c12-11�c11-12
2pðc13ðc22-11�c21-12Þþc12ð�c23-11þc21-13Þþc11ðc23-12�c22-13ÞÞ :

8>><
>>: ðB5Þ
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Appendix C. Exact solutions for three typical indenters

Following Fabrikant (1989), Fabrikant (1991), we substitute
Eq. (A22) into Eq. (A17) and obtain

Hj q;w; zð Þ ¼ 1
p2

Z 2p

0

Z a

0
H q;w; z; r0;/0ð Þxj N0ð Þr0dr0d/0; ðC1Þ

where

Hðq;w; z; r0;/0Þ ¼ �R�1ðM;N0Þtan�1½hR�1ðM;N0Þ�
þða2 � r20Þ

�1
2ln½ðaþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21

q
Þl�1

1 �

þða2 � r20Þ
�1
2ðf� 1Þ�1

2tan�1½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21

q
ðf� 1Þ�1

2a�1�

þða2 � r20Þ
�1
2ðf

�
�1Þ

�1
2
tan�1½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21

q
ðf
�
�1Þ

�1
2
a�1�;
ðC2Þ

and
�

f ¼ q
q0

ei w�/0ð Þ; f ¼ q
q0

e�i w�/0ð Þ: ðC3Þ

The following simple notations are also adopted:

l1,l1 q; a; zð Þ ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ að Þ2 þ z2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q� að Þ2 þ z2

q	 

;

l2,l2 q; a; zð Þ ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ að Þ2 þ z2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q� að Þ2 þ z2

q	 

;

l1i ¼ l1 q; a; zið Þ;
l2i ¼ l2 q; a; zið Þ

8>>>>>>><
>>>>>>>:

ðC4Þ

Then, the explicit expressions of 3D adhesive contact solutions
for a soft electroactive half-space can be obtained, which are given
below.

C.1. Circular flat-ended punch

(1) Conducting case:

wi ¼ jC
1i zisin

�1 a
l2i

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
þ aln l2i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i � q2

q� �	 

; ðC5Þ

where jC
1i ¼ 2

ffiffiffiffiffiffi
pa

p P2
j¼1hijK

C
j . Thus

uq ¼
X3
i¼1

jC
1i

a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
q

;uz ¼
X3
i¼1

a1ijC
1isin

�1 a
l2i

� �
;

u ¼
X3
i¼1

a2ijC
1isin

�1 a
l2i

� �
; ðC6Þ

rz1 ¼
X3
i¼1

c1ij
C
1i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
l21i � l22i

;rz2 ¼
X3
i¼1

c2ij
C
1i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
l21i � l22i

;

rz3 ¼
X3
i¼1

c3ij
C
1i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
l21i � l22i

; ðC7Þ

rq1 ¼
X3
i¼1

-1ijC
1i

l1i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � l21i

q
q l21i � l22i
� � ;rq2 ¼

X3
i¼1

-2ijC
1i

l1i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � l21i

q
q l21i � l22i
� � ;

rq3 ¼
X3
i¼1

-3ijC
1i

l1i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � l21i

q
q l21i � l22i
� � : ðC8Þ

(2) Insulating case:

wi ¼ jI
1i zisin

�1 a
l2i

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
þ aln l2i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i � q2

q� �	 

; ðC9Þ

where jI
1i ¼ 2

ffiffiffiffiffiffi
pa

p
hi1K

I
i1. Thus
221
uq ¼
X3
i¼1

jI
1i

a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
q

;uz ¼
X3
i¼1

a1ijI
1isin

�1 a
l2i

� �
;

u ¼
X3
i¼1

a2ijI
1isin

�1 a
l2i

� �
; ðC10Þ

rz1 ¼
X3
i¼1

c1ij
I
1i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
l21i � l22i

;rz2 ¼
X3
i¼1

c2ij
I
1i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
l21i � l22i

;

rz3 ¼
X3
i¼1

c3ij
I
1i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
l21i � l22i

; ðC11Þ

rq1 ¼
X3
i¼1

-1ijI
1i

l1i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � l21i

q
q l21i � l22i
� � ;rq2 ¼

X3
i¼1

-2ijI
1i

l1i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � l21i

q
q l21i � l22i
� � ;

rq3 ¼
X3
i¼1

-3ijI
1i

l1i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � l21i

q
q l21i � l22i
� � : ðC12Þ
C.2. Conical punch

(1) Conducting case:

wi ¼ jC1
2i ½zisin�1ð a

l2i
Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l21i

q
þ alnðl2i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i � q2

q
Þ�

þjC2
2i ½azisin�1ð a

l2i
Þ þ 1

4 ð2a2 þ q2 � 2z2i Þlnðl2i þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i � q2

q
Þ

� 3
4 zi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ z2i

q
þ 3l2iðq2�2l21iÞ

ffiffiffiffiffiffiffiffiffi
a2�l21i

p
4ql1i

� q2�2z2
i

4 lnðzi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ z2i

q
Þ�;

ðC13Þ

where jC1
2i ¼ 2

ffiffiffiffiffiffi
pa

p P2
j¼1hijK

C
j and jC2

2i ¼P2
j¼1hijT

C
j , with

TC
1 ¼ g22cotb=A0, and TC

2 ¼ �ðg21=g22ÞTC
1. Thus

uq ¼
P3
i¼1
jC1

2i
a�

ffiffiffiffiffiffiffiffiffi
a2�l21i

p
q þjC2

2i ½�
zi
ffiffiffiffiffiffiffiffiffiffi
q2þz2

i

p
2q þ ql2i�2al1ið Þ

ffiffiffiffiffiffiffiffiffiffi
l22i�q2

p
2q2 þ a2

2q

�q
2 lnðziþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
Þ þ q

2 lnðl2iþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�q2

q
Þ�;

uz ¼
P3
i¼1
a1ifjC1

2i sin
�1 a

l2i

� �
þjC2

2i ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�a2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
þasin�1ð a

l2i
Þ

þzilnðziþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
Þ�zilnðl2iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�q2

q
Þ�g;

u¼P3
i¼1
a2ifjC1

2i sin
�1 a

l2i

� �
þjC2

2i ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�a2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
þasin�1ð a

l2i
Þ

þzilnðziþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
Þ�zilnðl2iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�q2

q
Þ�g;

ðC14Þ

rz1 ¼
P3
i¼1
c1ifjC1

2i

ffiffiffiffiffiffiffiffiffi
a2�l21i

p
l21i�l22i

�jC2
2i ½lnðl2iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�q2

q
Þ� lnðziþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
Þ�g;

rz2 ¼
P3
i¼1
c2ifjC1

2i

ffiffiffiffiffiffiffiffiffi
a2�l21i

p
l21i�l22i

�jC2
2i ½lnðl2iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�q2

q
Þ� lnðziþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
Þ�g;

rz3 ¼
P3
i¼1
c3ifjC1

2i

ffiffiffiffiffiffiffiffiffi
a2�l21i

p
l21i�l22i

�jC2
2i ½lnðl2iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22i�q2

q
Þ� lnðziþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þz2i

q
Þ�g;

ðC15Þ
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(2) Insulating case:
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where jI1
2i ¼ 2

ffiffiffiffiffiffi
pa

p
hi1K

I
1 and jI2

2i ¼ hi1T
I
1, with T I

1 ¼ cotb=g11. Thus
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C.3. Spherical punch

(1) Conducting case:

wi ¼ jC1
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where jC1
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ffiffiffiffiffiffi
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p P2
j¼1hijK

C
j and jC2

3i ¼P2
j¼1hijT

C
j , with
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1 ¼ g22=ðpRA0Þ and TC

2 ¼ �ðg21=g22ÞTC
1. Thus
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(2) Insulating case:
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Appendix D. Surface instability of a half-space

We investigate the surface instability of a pre-deformed half-
space by following Dorfmann and Ogden (2010a). We look for
incremental two-dimensional solutions such that

u1;u3ð Þ ¼ iA;Bð Þe� k
�
sx3 ei k

�
x1 ; u2 ¼ 0; u ¼ Ce� k

�
sx3 ei k

�
x1 ; ðD1Þ

where k
�
is the positive ‘wavenumber’ of disturbance and ReðsÞ > 0 is

required to satisfy the decay condition at infinity. Then, substitution
of Eq. (D1) into the incremental governing equations leads to

s2c88 � c11
� �

A� s c13 þ c58ð ÞB� s e15 þ e31ð ÞC ¼ 0;
s c13 þ c58ð ÞAþ c33s2 � c55

� �
Bþ e33s2 � e15

� �
C ¼ 0;

s e15 þ e31ð ÞAþ e33s2 � e15
� �

B� e33s2 � e11
� �

C ¼ 0;

8><
>: ðD2Þ

whose determinant must vanish for non-trivial solutions to exist.
Thus, Eq. (D1) is transformed, with the zero component omitted,
into

u1;u3ð Þ ¼
X3
i¼1

iAi;Bið Þe� k
�
six3ei k

�
x1 ;

u ¼
X3
i¼1

Cie� k
�
six3 ei k

�
x1 ; ðD3Þ

where the constants Ai, Bi and Ci are connected by any two equa-
tions of Eq. (D2) such as

s2i c88 � c11
� �

Ai � si c13 þ c58ð ÞBi � si e15 þ e31ð ÞCi ¼ 0;
si c13 þ c58ð ÞAi þ c33s2i � c55

� �
Bi þ e33s2i � e15

� �
Ci ¼ 0;

(
ðD4Þ

where there is no summation over i.
The mechanical boundary conditions of Eq. (4)1 specialize to

_T031 ¼ 0; _T033 ¼ 0: ðD5Þ
By using Eq. (D3), we rewrite Eq. (D5) into

P3
i¼1

�sic88Ai þ c58Bi þ e15Ci ¼ 0;

P3
i¼1

c13Ai þ sic33Bi þ sie33Ci ¼ 0:

8>>><
>>>:

ðD6Þ
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Correspondingly, the electric boundary conditions in Eqs. (4)2
and (4)3 reduce to

_Dl03 ¼ 0; _El01 ¼ 0: ðD7Þ
and, equivalently, to

X3
i¼1

e31Ai þ sie33Bi � sie33Ci ¼ 0;
X3
i¼1

Ci ¼ 0; ðD8Þ

at x3 ¼ 0.
In this paper, we carefully distinguish these two cases, which

correspond to the prescribed surface free charge (q) and the pre-
scribed electric potential (u), respectively. To obtain non-trivial
solutions, the determinant of coefficients satisfies the following
bifurcation equation:

A11 0 0 A14 0 0 A17 0 0
0 A22 0 0 A25 0 0 A28 0
0 0 A33 0 0 A36 0 0 A39

A41 0 0 A44 0 0 A47 0 0
0 A52 0 0 A55 0 0 A58 0
0 0 A63 0 0 A66 0 0 A69

A71 A72 A73 A74 A75 A76 A77 A78 A79

A81 A82 A83 A84 A85 A86 A87 A88 A89

A91 A92 A93 A94 A95 A96 A97 A98 A99

����������������������

����������������������

¼ 0; ðD9Þ

where ði ¼ 1; 2; 3Þ
Aii ¼ s2i c88 � c11; Aiðiþ3Þ ¼ �siðc13 þ c58Þ; Aiðiþ6Þ ¼ �siðe15 þ e31Þ;

Aðiþ3Þi ¼ siðc13 þ c58Þ; Aðiþ3Þðiþ3Þ ¼ s2i c33 � c55; Aðiþ3Þðiþ6Þ ¼ e33s2i � e15;

ðD10Þ

A7i ¼ �sic88; A7ðiþ3Þ ¼ c58; A7ðiþ6Þ ¼ e15;

A8i ¼ c13; A8ðiþ3Þ ¼ sic33; A8ðiþ6Þ ¼ sie33;

ðD11Þ
and

A9i ¼ e31; A9ðiþ3Þ ¼ sie33; A9ðiþ6Þ ¼ �sie33; ðD12Þ

for _Dl03 ¼ 0, while

A9i ¼ A9ðiþ3Þ ¼ 0; A9ðiþ6Þ ¼ 1; ðD13Þ

for _El01 ¼ 0.
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Appendix E. Corresponding results for a perfectly insulating
flat-ended indenter
Fig. E2. Variations with the dimensionless electric displacement of the critical pre-
stretch and volume ratio corresponding to zero incremental normal stress at the
center of the contact area under a perfectly insulating flat-ended punch.

Fig. E3. Variations of the critical stretch kcr with the dimensionless electric
displacement d for an SEA half-space under a perfectly insulating flat-ended punch
for e ¼ 1 and various values of v.

Fig. E1. Variations with the dimensionless electric displacement d of the incre-
mental normal stress at the center of the contact region under a perfectly insulating
flat-ended punch.

Fig. E4. Variations of the critical stretch kcr with the dimensionless electric
displacement d for an SEA half-space under a perfectly insulating flat-ended circular
punch for various values of e.
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Appendix F

Supplementary results for the validity analysis of linear theory.



Fig. F2. Variations of the dimensionless contact radius (a/R) and the incremental normal strain at the center of contact area (ez) with the dimensionless electric displacement
(d) for an SEA half-space under a perfectly conducting spherical punch of different sizes (R = 4, 160, 640 lm) for various values of surface adhesion energy per unit area: (a)
Adhesion-free (g = 0 J/m2); (b) g = 0.028 J/m2; (c) g = 0.155 J/m2; (d) effects of the dimensionless electric biasing field and the weak adhesion on the dimensionless contact
radius when the radius of the indenter and the indentation depth are 4 lm and 4 nm respectively.

Fig. F1. Three-dimensional distributions of all the nonzero incremental strains for an SEA half-space under a perfectly conducting spherical punch (R = 4 lm, d = 0.1 nm) with
nearly zero dimensionless electric displacement (d = 0.00001) and no adhesion: (a) incremental normal strain (ez); (b) incremental radial strain (eq); (c) incremental
circumferential strain (eh); (d) incremental shearing strain (eqz). Note that the contact radius in this case is 20 nm.
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Fig. F3. Variations of the dimensionless contact radius (a/R) and the incremental normal strain (ez) with the adhesion energy per unit area (g) for a pre-stretched SEA half-
space (k = 1.5) under a perfectly conducting spherical punch of radius 4 lm when the indentation depth is 4 nm: (a) d = 0.00001; (b) d = 0.01; (c) d = 0.1; (d) d = 1.

Fig. F4. Variations of the dimensionless contact radius (a/R) and the incremental normal strain (ez) with the adhesion energy per unit area (g) for a pre-stretched SEA half-
space (k = 1.5) under a perfectly conducting spherical punch of radius 160 lm when the indentation depth is 4 nm: (a) d = 0.00001; (b) d = 0.01; (c) d = 0.1; (d) d = 1.
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Fig. F5. Variations of the dimensionless contact radius (a/R) and the incremental normal strain (ez) with the adhesion energy per unit area (g) for a pre-stretched SEA half-
space (k = 1.5) under a perfectly conducting spherical punch of radius 640 lm when the indentation depth is 640 nm: (a) d = 0.00001; (b) d = 0.01; (c) d = 0.1; (d) d = 1.

Fig. F6. Variations of a/R for the contact between an SEA half-space and a perfectly conducting and grounded spherical indenter for varying testing conditions and initial pre-stretch
(k): (a) different radii of indenters (R = 4, 40, 160, 640lm)withfixed indentation depth (d = 4 nm) and pre-stretch (k = 1.5); (b) different pre-stretches (k = 1.4, 1.5, 1.6, 1.7)with fixed
indentation depth (d = 4 nm) and radius of indenter (R = 4 lm); (c) different indentation depths (d = 1, 2, 4 nm) and pre-stretches (k = 1.7, 2) with fixed indenter size (R = 4 lm).
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